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Preface

- T have used the first edition of this book as a text many times. Others who
have used it, as students, as teachers, and for reference, have conveyed their
thoughts to me. This has helped me to obtain a perspective I didn’t have when
the first edition appeared. Because the responses were overwhelmingly posi-
tive, the essential format and substance of the book are unchanged. Sugges-
tions for changes were reviewed by many people; the ones that survived their
critical appraisal were incorporated into this edition.

Several of the changes include a reorganization of the problems into
“theoretical” and “applied” sections, the addition of review problems (without
answers) at the end of chapters, more discussion of practical matters such as
multiple comparison procedures and regression, and discussions of the relation-
ships among the various tests in this book as well as with standard parametric
procedures.

In addition, the usual updating was performed. Material on ties, not availa-
ble when the first edition was published, is now included. More emphasis is
placed on using scores based on ranks because of an abundance of recent
results showing the value of these methods. References to recent results in the
literature are added. Robust methods for regression and experimental designs
are introduced, and so forth.

To keep the size of the book within reason, some trimming was required.
Since I could find no topic that my advisors agreed could be left out, I used
my own judgment regarding deletions. Some topics were removed from prime
space and included as problems. Other topics were reduced to a reference in
the appropriate section.

I am grateful to the many people who helped me on this revision by offering
advice, asking questions, obtaining useful research results that they communi-
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viii Preface

cated to me, and encouraging me to keep the book current through revision.
However, I am most grateful to the many people who helped make the first
edition a success; without them, there would be no second edition.

W. J. Conover




A Note to the
Instructor

This book is organized to be as flexible as possible for use as a text. For short
courses, such as two semester hours, I suggest using Chapter 3, Chapter 4
through Section 4.5, Chapter 5 through Section 5.8, and the first two sections
of Chapter 6, omitting all but a superficial discussion of the theory in those
sections.

For a three-semester-hour course, I usually start at the beginning of the book
and cover the entire text. This requires that the students read much of the
material on their own, without parallel coverage in class lectures. Most students
find the text easy to read, so they do not object to this form of instruction.
However, coverage of the entire book in one semester is not easy and requires
a somewhat shallow treatment of many of the topics. A more in-depth study of
some sections may be accomplished by omitting Sections 4.5t0 4.7, 5.9 to 5.12,
6.3, and 6.4.

For longer courses, up to six semester hours, the material in the text may be
supplemented by the literature. There are a sufficient number of references
supplied throughout the text to enable students to select individual topics to
research. Seminars by the students are valuable experiences, as are technical
reports on the topics researched. Instructors often forget how difficult that first
technical seminar was to present or that first technical report was to write.
These research experiences will usually expose unsolved problems and unan-
swered questions that may be used as topics for theses and dissertations.

The Exercises are similar in format to the Examples in the text. They are
designed to give readers an opportunity to use the methodology on some fresh
data. The Problems are intended to reinforce the learning of the theory behind
the tests. The Review Problems provide students with some mild challenges;
the result of this is that students will be able to use these methods properly
when the occasion arises.




x A Note to the Instructor

Several statistical packages are available for use with this course. Two that I
have found especially useful are “TUSTAT-II” by Dr. Young Ko at the
University of Nevada, Reno, and “MINITAB” by Drs. Thomas Ryan and
Barbara Ryan at Penn State and Brian Joiner at the University of Wisconsin.
Slight differences in these methods from those in this text may confuse some
students but, overall, the use of the computer is beneficial in a course such as
this.

W.J.C.




Preface to
First Edition

This book is intended as an introductory textbook and as a reference book for
applied research workers. As an introductory text, it requires only algebra as a
prerequisite. While it is expected that most courses employing this as a text will
require a previous course in elementary statistics, such a requirement may be
deleted if one is willing to ignore the occasional references to ‘““usual paramet-
ric counterparts.” In fact, because of the simple nature and general applicabil-
ity of nonparametric statistics, it may be more practical to introduce the
student first to nonparametric statistics, and then to the usual parametric
statistics as a special area. Although this book could serve as a text for such a
course, I have used it (in preliminary form) as a text for several years in a
graduate-level introductory course for nonstatisticians who have had a previous
course in statistics. The entire text may be covered in three semester hours by
covering approximately one section, including the problems, in each lecture.
This allows ample time for discussion of the more interesting problems, and for
examinations. For a short course on probability, Chapter 1 may be studied by
itself. Or, for a short course on nonparametric statistics, the methods and
examples of Chapters 3 to 7 may be studied without the accompanying theory,
and without Chapters 1 and 2.

To use this book as a “book of recipes,” the chart seen on the back endpaper
may guide in the selection of an appropriate test. Each method is described in a
self-contained, clear-cut format. Examples using actual numbers are given to
assist in clearing up any ambiguities in the written description. Applications are
drawn from the fields of psychology, biology, statistics, engineering business,
education, economics, medicine, agriculture and jurisprudence.

I am grateful to the many people who assisted in this work. More than 100
students read the text in various forms and contributed to its clarity. About a
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xii Preface to First Edition

dozen professional men read the manuscript and contributed to its validity.
Editorial and financial assistance were provided by the publisher. Kansas State
University, its Department of Statistics and Computer Science, and its Agricul-
tural Experiment Station supported much of the research that is reported in
various places in the book. I was also aided by the National Science Founda-
tion Grant GP-7667 and, in the final stages of the manuscript, by the National
Institutes of Health Research Career Development Award, Grant Number
1-KO4-GM42351-01.

Many people contributed to the improvement of the manuscript. I would
appreciate personal communications concerning strong points and weak areas,
since these may affect the form of any possible later editions.

W. J. Conover
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Introduction

One of the dictionary definitions of the word “science” is given as “‘truth
ascertained by observation, experiment, and induction.” A vast amount of
time, money, and energy is being spent by society today in the pursuit of
science. This pursuit is quite often frustrating because, as any scientist knows,
the processes of observation, experiment, and induction do not always lay bare
the “truth.” One experiment, with one set of observations, may lead two
scientists to two different conclusions.

For example, a scientist places a rat into a pen with two doors, both closed.
One door is painted red and the other blue. The rat is then subjected to 20
minutes of music of the type popular with today’s teenagers. After this
experience, both doors are opened and the rat runs out of the pen. The
scientist notes which color door the rat chose. This experiment is repeated 10
times, each time using a different rat.

At the end of the composite experiment, the experimenter notes that the rats
chose the red door 7 out of 10 times and concludes the “truth” as being that
the treatment used causes rats to prefer the red door to the blue door.
However, a colleague overhears this conclusion and jokingly tests the scientist:
“If I tossed a coin 10 times getting seven heads and, before each toss, I
whistled ‘Yankee Doodle,” would you conclude that my whistling caused the
coin to prefer heads?”” Seeing the analogy between a rat choosing one of two
doors and a coin landing on one of its two sides, the scientist realizes the error
and decides that the outcome of the experiment could easily have been the
result of chance.

Later the scientist conducts a second experiment. He injects a certain drug
into the bloodstream of each of 10 rats. Five minutes later he examines the rats
and finds that 7 are dead, and the other 3 are apparently healthy. However,
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2 Introduction

since only 7 are dead, he recalls the previous experiment and concludes that
such a result could easily have occurred by chance and therefore there is no
proof that the drug injections are dangerous.

His colleague again interrupts, saying, ‘“With your first experiment each rat
had a 50-50 chance of choosing the red door, without the music, and therefore
we can compare that experiment to tossing a coin. In this experiment, the
chances of a rat dying within 5 minutes are quite slim indeed, if the drug has no
effect. Since your experiment resulted in 7 of these rare events out of only 10
possibilities, it seems safe to conclude that the drug injections caused the
deaths.”

And so goes research. It soon becomes apparent to most scientists that the
ideal way of expressing results of experiments, such as the preceding, is to be
able to say something like, ‘“Without the treatment I administered, experimen-
tal results as extreme as the ones I obtained would occur only about 3 times in
1000. Therefore I conclude that my treatment has a definite effect.” In this way
every scientist who reads of this experiment knows just how much subjectivity,
or opinion, entered into the stated conclusion.

The purpose of that field of science known as “‘statistics” is to provide the
means for measuring the amount of subjectivity that goes into the scientists’
conclusions and thus to separate ‘‘science” from ‘‘opinion.” This is accom-
plished by setting up a theoretical “model” for the experiment, such as the
model called ‘““tossing a coin,” which was set up for the first experiment
discussed. Laws of probability are applied to this model in order to determine
what the “chances” (probabilities) are for the various possible outcomes of the
experiment under the assumption that chance alone, and not music or drug
injections, determines the outcome of the experiment. Then the experimenter
has an objective basis for deciding whether the results were a result of the
treatments that were applied, or whether the same results could have easily
occurred by chance alone with no treatment.

Although it is sometimes difficult to describe an appropriate theoretical
model for the experiment, the real difficulty often comes after the model has
been defined, in the form of finding the probabilities associated with the model.
Many reasonable models have been invented for which no probability solu-
tions have ever been found. Thus statisticians have often changed the model
slightly in order to be able to solve for the desired probabilities in the hope that
the change in the model was slight enough so that the changed model was still
fairly realistic. Then they are able to obtain exact solutions for these “‘approxi-
mate problems.” This body of statistics is sometimes called ‘“‘parametric statis-
tics,” and embodies such well-known tests as the ““t test,” the “F test,” and
others.

In the late 1930s a different approach to the problem of finding probabilities
began to gather some momentum. This approach involved making few, if any,
changes in the model, and using simple and unsophisticated methods to find the
desired probabilities, or at least a good approximation to those probabilities.
Thus approximate solutions to exact problems were found, as opposed to the
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exact solution to approximate problems furnished by parametric statistics. This
new package of statistical procedures became known as ‘‘nonparametric statis-
tics.”

Besides the advantage of using a simpler model, nonparametric statistical
methods often involve less computational work and therefore are easier and
quicker to apply than other statistical methods. A third advantage of non-
parametric statistical techniques is that much of the theory behind the non-
parametric methods may be developed rigorously, using no mathematics
beyond high school algebra. A scientist who understands the theory behind the
statistical method is less apt to use that method in a situation where such usage
would be incorrect and is better able to develop his or her own statistical
methods if the model is one that has not yet been considered by statisticians.

The parts of nonparametric statistics that require the use of more advanced
mathematics will be presented without deriving them but, whenever conve-
nient, there will be a reference to a source where the proof may be found.

This formulation of parametric statistics versus nonparametric statistics is
merely an attempt to give a rough idea concerning the subject of this book. A
more precise distinction between the two branches of statistics will be given in
Chapter 2, where the philosophy of scientific experimentation is discussed in
greater detail. In order to present examples and illustrations in Chapter 2, a
preliminary knowledge of some elementary aspects of probability is needed.
This is the concern of Chapter 1.

From Chapter 3 on there is a heavy reliance on the concepts introduced in
Chapters 1 and 2. These later chapters present various nonparametric proce-
dures, organized according to the type of model that is being analyzed rather
than to the type of experiment being conducted. For convenience to the
experimenter who wants to examine the body of techniques that may be used
in analysis, a cross-referencing table is presented inside the back cover, listing
the techniques given in the book according to the type of problem they are
intended to solve.

This book attempts to present nonparametric techniques that are already
popular among experimenters in a clearer way than is now available in other
books and journals. Also, it presents statistical methods that are not widely
known because of their recent development. Some nonparametric methods
presented in this book have not yet appeared in the literature but are included
because it is felt that they will be useful to experimenters.

A word about the numbering of examples, equations, and figures would not
be out of place at this time. Example 4.2.3 refers to the third example in
Section 4.2. When referring to an example within the same section, only the
last number is used. For instance, within Section 4.2, Example 4.2.3 is referred
to simply as Example 3. The same is true for equations, figures, and problems.
No such economy is used with regard to section numbers, so that Section 4.2 is
always called Section 4.2, even within Chapter 4.

For those who wish to obtain more information about nonparametric proce-
dures, many references are included at the end of each appropriate section.
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Most of these references are recent; and earlier, sometimes more important,
papers are usually not mentioned. This is because the references given gener-
ally refer in turn to the earlier papers on that topic, so there was no need to
repeat them here. The bibliography by Savage (1962) is quite useful for
obtaining additional references on each topic.




CHAPTER 1

Probability Theory

PRELIMINARY REMARKS

One of the attractive qualities of nonparametric statistical methods is that it is
not necessary to be an expert in probability theory to understand the theory
behind the methods. With a few easily learned, elementary concepts, the basic
fundamentals underlying most nonparametric statistical methods become quite
accessible. This chapter introduces those basic concepts. All that is required is
patience, confidence, and a good understanding of high school algebra.

This book is arranged so that readers can go directly to the statistical
procedure they want to use and follow the step-by-step instructions from
beginning to end. However, they will not necessarily understand what they are
doing or why they are doing it. Such lack of understanding often leads to
mishandled data and misstated conclusions. By spending a little time in
Chapters 1 and 2, readers should understand thoroughly the nonparametric
procedure being used and may even be able to adapt it slightly so it will apply
better to the particular set of data being analyzed.

The recommended procedure for studying each section is to read the text,
pencil through the examples, and then work the problems at the end of the
section. This will prepare readers for the next section and will develop the
patience and confidence first mentioned.

1.1. COUNTING

The process of computing probabilities often depends on being able to count,
in the usual sense of counting, ““1, 2, 3,” and so on. The usual way of counting
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6 Probability Theory

becomes quite tedious in some complicated situations, so some sophisticated
methods of counting are developed in this section to handle those complicated
situations.

When we speak of tossing a coin, we will consider only two possible
outcomes: either a head (H) appears, or a tail (T) appears. If a coin is tossed
once there are two possible outcomes: H or T. If a coin is tossed twice there
are 22=4 possible outcomes: HH, HT, TH, TT, where HT means a head
occurs on the first toss and a tail on the second. Each time we consider one
additional toss of the coin, the number of possible outcomes is doubled, since
the last toss may result in either of two outcomes. Thus, if a coin is tossed n
times there are 2" possible outcomes.

Generalizing this discussion somewhat, we may refer to the tossing of a coin
as one example of an experiment. Whether the coin is tossed once, twice or, in
general, n times, the procedure may be considered to be an experiment. Since
tossing a coin three times may be considered to be an experiment and is a
composite of three separate experiments where the coin is tossed only once
each time, we may refer to the shorter experiments as trials and the collection
of trials as ‘‘the experiment.”

Few scientists seriously consider coin tossing as an experiment worthy of
merit by itself. The value of coin tossing is that it serves as a prototype for
many different models in many different situations. If an unbiased coin is being
considered, one in which each face is equally likely to result, the experiment is
not unlike experiments involving rats that have two choices of doors, consum-
ers choosing between two products, educators determining which of two
teaching methods is more effective, market analysts deciding whether the
market tends to be higher or lower on Mondays, and many other situations.

If we allow the coin to be biased, where one face is more likely to turn up
than the other, a much broader class of experiments is included under the same
model. Examples include experiments where a drug is injected into the
bloodstream of rats to see if the drug is lethal, a new cure is tested on sick
patients, a consumer is given several choices of a product and asked to choose
one where only one of the products is manufactured by Company X, and other
situations. In each case there are two outcomes of interest, such as ‘life”” versus
“death,” “cure” versus “no cure,” “our brand” versus ‘“‘other brands,” and the
two outcomes might not be equally likely to occur.

Throughout this chapter and the next, models involving coin tossing, dice
rolling, drawing chips from a jar, placing balls into boxes, and so on, will be
discussed as if they were experiments worthy of merit, while actually the value
of these models lies mainly in the fact that they serve as useful and simple
prototypes of many more complicated models arising from experimentation in
diverse areas such as electron physics, psychology, sociology, education, biol-
ogy, economics, chemistry, etc. An excellent study of the diversity of such
models is given by Feller (1968). Some justification for the study of these
models will be presented in this chapter, but for the most part the justification
will be deferred until later chapters where the various nonparametric proce-
dures are introduced.
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Thus we may refer to coin tossing as an experiment and each individual toss
of the coin as a trial. The possible outcomes of one trial, several trials, or the
entire experiment will be called events. The coin tossing experiment just
described consists of n trials, where each trial may result in either the event H
or the event T. A combination of events may itself be an event. Therefore it is
permissible to consider each of the 2" possible outcomes of the experiment as
an event. Examples of other events would include the event ‘‘at least one
head,” the event “‘a tail on the fourth toss,” and the event ‘‘at least twice as
many heads as tails.”

Further generalization leads to the following rule:

RULE 1. If an experiment consists of n trials where each trial may result in
one of k possible outcomes, there are k"™ possible outcomes of the entire
experiment.

Example 1. Suppose an experiment is composed of seven trials, where each
trial consists of throwing a ball into one of three boxes. The first throw may
result in one of three different outcomes. Thus there are 3*=9 outcomes
associated with the first two trials combined. This reasoning extends to the
seven throws comprising the experiment, resulting in 37=2187 different
outcomes of the experiment. )

Now consider a box containing n plastic chips numbered 1 to n. One chip is
selected from the box and placed on the table so the number is showing. This
chip could be any of the n chips that were in the box, so we say there are n
ways of selecting the first chip. A second chip is then selected from the chips
remaining in the box and placed next to the first chip, so that its number is
showing also. Since there were n—1 chips remaining in the box, the second
chip could be selected in any one of n—1 different ways. Since each of the n
ways of drawing the first chip has associated with it n—1 ways of drawing a
second chip, there are all together n(n—1) ways of drawing first one chip and
then a second chip. A third chip can be drawn in n—2 different ways and
placed on the table next to the second chip. Now there are n(n—1)(n—2) ways
of drawing three chips in sequence. If the process is continued until the last
chip is drawn (there is only 1 way of drawing the last chip, since only 1 chip is
left in the box) we can see that there are

1) n(n=1)(n-2)---G3)2)(1)=n!

(read “n factorial’’) ways of drawing n numbered chips out of a box, or n! ways
of arranging any n distinguishable objects into a row. Note that for conveni-
ence we will define 0!=1, in accordance with conventional usage.

RULE 2. There are n! ways of arranging n distinguishable objects into a
row.

Example 2. Consider the number of ways of arranging the letters A, B, and
C in a row. The first letter can be any of the three letters, the second letter
can be chosen two different ways once the first letter is selected, and the
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remaining letter becomes the final letter selected, for a total of (3)(2)(1)=6
different arrangements. The six possible arrangements are ABC, ACB,
BAC, BCA, CAB, and CBA.

Example 3. Suppose that in a horse race there are eight horses. If you
correctly predict which horse will win the race and which horse will come in
second and wager to that effect, you are said to “‘win the exacta.”” Suppose
you want to be sure to win the exacta. That means you need to purchase
(8)(7) = 56 betting tickets, one for each of the 56 possible ways the first and
second places might result. The complete race results, for all eight positions
at the finish line, could occur in any one of 8!=40,320 different ways.

If the n objects are distinguishable one from another, then each of the n!
arrangements is unique. But suppose two of the objects are identical. Then for
each arrangement of the n objects, there is a second arrangement that is
indistinguishable from the first—the arrangement in which n—2 of the objects
are in the same position as in the first arrangement, but the two identical
objects are interchanged. Each of the n! arrangements may be paired in this
manner with another identical arrangement. The number of different arrange-
ments is thus n!/2, or n!/2!.

Suppose three of the objects are identical, and n —3 are distinguishable from
each other. If we divide the n! arrangements into groups of identical arrange-
ments, we find there are 3! arrangements in each group. This is because the
three identical objects may be placed 3! different but indistinguishable ways
into their three positions, using Rule 2. Then the number of different arrange-
ments, equal to the number of groups of identical arrangements, is n!/3!. If
exactly n, objects are identical, the n! arrangements may be divided into
groups of identical arrangements, each group being of size n,!. If there are n,
identical objects of type 1, and n, identical objects of a different type 2, then
for each arrangement of the objects of type 1 there are n,! identical arrange-
ments of type 2. So there are, in all, n,! n,! arrangements in each group of
identical arrangements. Therefore, the number of groups is n!/(n! n,!). This
leads to another counting rule:

RULE 3. If a group of n objects is composed of k identical objects of one
kind and the remaining (n — k) objects are identical objects of a second kind,
the number of distinguishable arrangements of the n objects into a row,

denoted by ( :

@ (Z)Zkz(:ik)!

Furthermore, if a group of n objects is composed of n, identical objects of type
1, n, identical objects of type 2, ..., n, identical objects of type r, the number

), is given by
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. . . ni .
of distinguishable arrangements in a row, denoted by [ ], is
n;

!
3) [n]z n!
ml nydny---n!

Throughout this book we will use the convention that (n) =0 if k is greater

k
than n. This is natural because there is no way of considering arrangements of
n objects where more than n of them are alike.

To justify the use of Rule 3, let us divide the n! arrangements into groups of
identical arrangements. Each group then has n,! n,! - - - n,! arrangements in it.
Since no arrangement may appear in two different groups, the number of
groups is n!/(ny! n,! - - - n,!). We may assume without loss of generality that
n,+n,+ - - - +n,=n, because some of the n; may equal 1, representing objects
that are similar only to themselves. Since 1!= 1, and since dividing Equation 3
by 1 does not affect the numerical value, Rule 3 remains unaffected by the
preceding assumption. It is also apparent now that Rule 2 is a special case of
Rule 3, where all of the n;=1.

Example 4. In Example 2 we listed the six ways of arranging the letters A,
B, and C in a row. Suppose now that the letters A and B are identical. We
will denote them by the letter X. Then the arrangements ABC and BAC
become indistinguishable, denoted by XXC. Also, ACB and BCA become
XCX. The original 3!=6 arrangements are reduced to

(3) 3t (3@

2 anT enn

distinguishable arrangements, that is XXC, XCX, and CXX.

Example 5. In a coin tossing experiment where a coin is tossed five times,
the result is two heads and three tails. The number of different sequences of
two heads and three tails equals the number of distinguishable arrangements

5
of two objects of one kind and three objects of another, which is ( 2) =10.

Note that the 10 arrangements are as follows, where H =‘“head” and
T = “tail.”

HHTTT THHTT TTHHT
HTHTT THTHT TTHTH
HTTHT THTTH TTTHH
HTTTH

How many different groups of k objects may be formed from n objects? We
can use Rule 3 to answer this question. Suppose that the n objects are lined up
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in a row, and we have k identical tags to place on k of the n objects. It is easy
to see that the number of ways of placing the k tags on k of the n objects
which, in turn, equals the number of distinguishable arrangements of k tagged

positions and n—k untagged positions, is (:), as given by Rule 3. In this

situation ( ) is often read ‘‘the number of ways of taking n things k at a
time.”

Example 6. Consider again the three letters A, B, and C. The number of
ways of selecting two of these letters is ( ;) =3, that is, AB, AC, and BC. To

see how this relates to the previous discussion, we will “tag” two of the three
letters with an asterisk (*) denoting the tag.

A*B* C gives AB
A*BC* gives AC
and AB*C™* gives BC

Note the similarity between this example and Example 4.

. . n . .
For still another way of using the term ( k)’ consider the expression

(x+y)(x+y)---(x+y). The term x" occurs only when the x term from the
first factor is multiplied by the x term from the second factor, and so on for all
n factors. The term x" 'y results from multiplying the x term from n — 1 of the
factors times the y term from one factor. Since the y term may be selected
from any one of the n factors, expansion of (x +y)" results in n terms involving
x"'y. Similarly, for each value of k, the term x*y"~* results from the selection
of k xs from k of the factors, and the n — k ys from the remaining n — k factors

n
There are ( k) ways of selecting k factors for the xs, with the remaining factors

o _ ny .. . .
contributing ys. Therefore the term x*y"~* appears ( k> times in the expansion

of (x +y)". Since all terms in the expansion are added together, we may write

4 (x+y)r=x"+ (n f 1)x"_lyl+ (nf2>x““2y2+ s

+<;”)x2yn—-2+ (;”)xlyn—l + yn

n

Recall that 0!=1, so ( .

>= 1 and (Z) = 1. If we use the notation

I

Ci=Ca+Ca+1+Ca+2+ e +Cb—1+Cb

i=a
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which is read as “‘the sum of the terms C; as i goes from a to b,” we may write

(&) (x+y)=) (?)x‘y""i
i=0
which is known as the “binomial expansion” and is found in most high school
algebra textbooks. This illustrates why the term ‘‘binomial coefficient” is often
n
k
of x,Mx,"-+-x™ in the expansion of (x,+x,+ -+ +x,)" is given by the

used to describe the symbol < ) Similarly, it may be noted that the coefficient

. . ) n
‘““multinomial coefficient” [ ]
n;

Example 7. We will use the binomial expansion to evaluate (2+3)* Of
course, we know the answer is 5= 625. From the binomial expansion in
Equation 5 we have
7 A
2+3)*= ). (i>2'34-'

i=0

= (g>2°34+ <“;)2133+ (;)_2232+ (;)2331 + (j>243°
= (MDED+ARI27+(6)AO)+ (@)()3)+ (DA6)XD)

=81+216+216+96+16= 625

EXERCISES

1. How many 4-digit numbers (from 0000 to 9999) may be formed using the 10
digits, where each digit may be repeated any number of times?

2. How many different 4-letter arrangements are there, using the 26 letters in the
alphabet, where each letter may be used repeatedly?

3. How many ways are there of arranging the letters L, O, V, E into four-letter
“words,” where each letter is used only once?

4. How many ways are there of seating five people in a row?

5. In how many ways may a committee of three be chosen from a club with 12
members?

6. What is the coefficient of x’y> in the expansion of (x +y)®?
7. What is the coefficient of x*y*z in the expansion of (x+y+2z)’?

8. What is the coefficient of x?y’ in the expansion of (w+x+y+z)"? (Hint.
x2y5 = W0x2y520)

3 2
10. Evaluate ), (4)<1> .
izo \i/\2
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e ()2

i=3

4
12. Evaluate Z 5.
i=1

i=

PROBLEMS

1. How many ways are there of choosing n; objects of the first kind, n, objects of the
second kind, and so forth, to n, objects of the kth kind, where there are altogether
N, objects of the first kind, N, objects of the second kind, and so on? How many
ways are there if n; is greater than N; for some i?

2. Show that ) (',1>pi(1—p)"—i=1.
i 1

i=0

1.2. PROBABILITY

Now we are ready to apply the three counting rules given in Section 1.1 to
find some interesting and useful probabilities. But first we must introduce some
standard terminology used in statistics. Correct understanding of the terms
defined in this section and elsewhere will make communication of statistical
concepts much easier.

We will define the important terms sample space and points in the sample
space in connection with an experiment.

Definition 1. The sample space is the collection of all possible different
outcomes of an experiment.

Definition 2. A point in the sample space is a possible outcome of an experi-
ment.

Each experiment has its own sample space, which consists essentially of a list
of the different outcomes of the experiment that are possible. It is tacitly
assumed that the sample space is subdivided as finely as reasonably possible
with each subdivision being called a point. Also, it is tacitly assumed that each
possible outcome is represented by one and only one point.

Example 1. If an experiment consists of tossing a coin twice, the sample
space consists of the four points HH, HT, TH, and TT.

Example 2. An examination consisting of 10 ‘“true or false” questions is
administered to one student as an experiment. There are 2'° = 1024 points in
the sample space, where each point consists of the sequence of possible
answers to the ten successive questions, such as "TTFTFFTTTT.”

It is now possible to define event, in terms of the points in the sample space.

Definition 3. An event is any set of points in the sample space.
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In Example 1 we may speak of the event “two heads,”” which consists of the
single point HH, the event ‘“one head,” which consists of the two points HT
and TH, the event ‘“‘at least one tail,”” which consists of the points TH, HT, and
TT, as well as the event “four heads,” which has no points in it. A set with no
points in it is sometimes called the empty set. The event consisting of all points
in the sample space is sometimes called the sure event because it is certain to
occur every time the experiment is performed.

Two different events may have points common to both. The events ““at least
one tail” and “at least one head” have the two points TH and HT in common.
If two events have no points in common, they are called mutually exclusive
events because the occurrence of one event automatically excludes the possibil-
ity of the other event occurring at the same time.

If all of the points in one event are also contained in a second event, we say
that the first event is contained in the second event, or that the second event
contains the first event. The event “‘at least one head” contains the event “‘two
heads.” Each event therefore contains itself.

To each point in the sample space there corresponds a number called the
probability of the point or the probability of the outcome. These probabilities may
be any number from 0 to 1. If we can conceive of a long series of repetitions of
the experiment under fairly uniform conditions, the relative frequency of the
occurrence of the point or event in mind represents an approximation to the
probability of that point or event.

Definition 4. If A is an event associated with an experiment, and if n,
represents the number of times A occurs in n independent repetitions of
the experiment, the probability of the event A, denoted by P(A), is given
by

1) P(A)=lim A
n—o n

which is read “the limit of the ratio of the number of times A occurs to the
number of times the experiment is repeated, as the number of repetitions
approaches infinity.”

A formal definition of independent is deferred until later. For now we may
think of experiments as independent if the outcome of any one experiment
does not influence the outcome of the other experiments.

The definition of the probability of an event includes the definition of the
probability of an outcome as a special case, since an event may be considered
as consisting of a single outcome. It is apparent from the definition that the
probability of an event equals the sum of the probabilities of all outcomes
comprising the event, since the number of times the event occurs equals the
sum of the numbers of times the mutually exclusive outcomes comprising the
event occur.

In practice, the set of probabilities associated with a particular sample space
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is seldom known, but the probabilities are assigned according to the experi-
menter’s preconceived notions. That is, the experimenter formulates a model
as an idealized version of the experiment. Then the sample space of the model
experiment is examined, and the probabilities are assigned to the various points
of the sample space in some manner which the experimenter feels can be
justified.

Example 3. In an experiment consisting of the single toss of an unbiased
coin, it is reasonable to assume that the outcome H will occur about half the
time.. Thus we may assign the probability 1/2 to the outcome H, and the
same to the outcome T. We write this as P(H)=1/2, P(T)=1/2.

Example 4. In an experiment consisting of three tosses of an unbiased coin,
it is reasonable to assume that each of the 23>=8 outcomes HHH, HHT,
HTH, HTT, THH, THT, TTH, TTT is equally likely. Thus the probability of
each outcome is 1/8. Also P(3 tails)=1/8, P(at least one head)="7/8, and
P(more heads than tails) = P(at least 2 heads)=4/8=1/2.

We have been working with probability functions in the previous two
examples.

Definition 5. A probability function is a function that assigns probabilities to
the various events in the sample space.

In Example 3 the probability function was given by P(H)=1/2, P(T)=1/2.
It is necessary that the probability function assign a probability to each point in
the sample space. Then the probabilities of all events in the sample space are
automatically specified by the probabilities of the sample points contained in
the events.

Several properties of probability functions become apparent. Let S be a
sample space and let A be any event in S. Then, if P is a probability function,
P(S)=1, because

P(S)=1lim —=1
n—o n
P(A)=0, because n, =0, and therefore

. Na
lim —=0
n—wo n

and P(A)=1-P(A), where A is the event “the event A does not occur,”
because nz = n—n,, and

. hx . h—n . n, . hn

lim —2 = lim A = lim (1———é>=1—llm—é=1—P(A)
n— n—o n n—»o0 n n—© pn

We mentioned earlier that while the various outcomes of an experiment are

mutually exclusive, the various events associated with an experiment do not

necessarily have that property. In our experiment of tossing a coin three times
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the events “three heads” and ““at least two heads’” may both occur at the same
time. Now consider the probability of the event “‘three heads” if we are given
that the event “at least two heads” has occurred. If at least two heads have
occurred, we know that several points in the sample space, that is, TTT, TTH,
THT, and HTT, may be eliminated. The possible outcomes of the experiment
are reduced to four equally likely points. Therefore the probability of each
point is now 1/4, and hence the probability of the event ‘“‘three heads,” or
HHH, is 1/4, if we are given the fact that at least two heads have occurred. The
additional information that we are given has the effect of eliminating some of
the outcomes from consideration and thus artificially reducing the sample
space.

In another experiment, consider rolling a die. Let S be the sample space, let
A be the event “a 4, 5, or 6 occurs,” and let B be the event ‘““an even number
(2, 4, or 6) occurs,” as depicted by Figure 1. The probability that the event A
has occurred, given that B has occurred, is written P(A | B) and is usually read
“the probability of A given B.” Since we know that B has occurred, we may
not only eliminate the points that are in neither A nor B, that is, the points 1
and 3, but we may even eliminate the point in A that is not in B, or 5. Thus all
points not in B are eliminated, and the sample space is just the set of points in
B. The only points in B that can result in the event A are the points in both A
and B, or 4 and 6. These points represent the event ‘“both A and B occur.”

Definition 6. If A and B are two events in a sample space S, the event “both A
and B occur,” representing those points in the sample space that are in
both A and B at the same time, is called the joint event A and B and is
represented by AB. The probability of the joint event is represented by
P(AB).

Then the probability of “A given B” is given by the probability of “AB”
relative to the reduced sample space “B.” Or, symbolically,

P(AB)

(2 P(A|B)= P®B)

Looking at it another way, suppose that the preceding experiment is re-
peated n times. However, only those outcomes resulting in the event B are

EIRENEl =] ’
K [¢] ’

Figure 1
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recorded and the outcomes not resulting in B are ignored. Let ng represent the
number of times B occurs, and let n, 5 represent the number of times A occurs
when B occurs. Then

1 MaB 4 nap/n_P(AB)
® P(A[B)=lim ng o ng/n  P(B)

We have intuitively justified the following definition.

Definition 7. The conditional probability of A given B is the probability that A
occurred given that B occurred and is given by

P(AB)
P(B)

where P(B)>0. If P(B)=0, P(A | B) is not defined.

(4) P(A|B)=

Example 5. Consider the rolling of a fair die, so that each of the six possible
outcomes has probability 1/6 of occurring. As before, let A be the event ““a
4, 5, or 6 occurs” and let B be the event ‘“an even number occurs.” Then
P(AB)=P(4 or 6)=2/6=1/3. Also, P(B)=3/6=1/2. Then the conditional
probability P(A | B) is given by

_P(AB)_13_2
T PB) 112 3

P(A|B)

We should note the reasonableness of this answer, since we are given that an
even number (i.e., event B) has occurred and the outcome of the experiment is
either a 2, 4, or 6. We now want to know the probability that a number greater
than 3 (i.e., event A) also occurred. Since two of the three even numbers are
greater than 3, our answer is 2/3.

The idea of conditional probability leads quite naturally into the idea of
independent events. If the probability of A, given that B occurs, is the same as
the probability of A without any information on the occurrence or nonoccurr-
ence of B, we feel that the occurrence or nonoccurrence of A is independent of
whether or not B occurs. That is, we feel that A is independent of B if
P(A | B)=P(A). In fact, this may be used as the definition of independence,
but it is not clear from this form of the definition whether B then is also
independent of A. So it is better to substitute P(A) for P(A | B) in Equation 4,
the definition of conditional probability. This leads to the following.

Definition 8. Two events A and B are independent if
5) P(AB) = P(A)(B)

Because of the symmetry of Equation 5 it is readily apparent that if A is
independent of B, B is also independent of A, and so it is better to say “A and
B are independent,” where it is meant that they are independent of each other.

Example 6. In an experiment consisting of two tosses of a balanced coin, the
four points in the sample space are assumed to have equal probabilities. Let
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A be the event ““a head occurs on the first toss” and let B be the event “a
head occurs on the second toss.” Then A has the points HH and HT. B has
the points HH and TH, and AB has the point HH. Also P(A)=2/4,
P(B)=2/4, and P(AB) = 1/4. Therefore Equation 5 is satisfied and A and B
are independent.

The following example illustrates that the independence of two events is not
always intuitively obvious and should always be determined directly from the
definition and Equation 5.

Example 7. Consider again the experiment consisting of one roll of a
balanced die, where the sample space consists of the six equally likely points
1,2,3,4,5, and 6. Let A be the event “an even number occurs.” including
the points 2, 4, and 6. Let B be the event “at least a 4 occurs,” including the
points 4, 5, and 6. Finally, let C be the event ““at least a 5 occurs,” including
the points 5 and 6. Then A and B are not independent, because
P(A)P(B)=(1/2)(1/2), or 1/4 while P(AB)=1/3. However, A and C are
independent, because P(A)P(C)=(1/2)(1/3), or 1/6, the same as P(AC).

Sometimes the notions of independent events and mutually exclusive events
are confused with each other, because both notions give the impression that the
“the two events do not have anything to do with each other.” The property of
independence depends not only on the two events being considered but also on
the particular probability function defined on the sample space. It is possible
for P(AB) and P(A)P(B) to be equal to each other with one set of prob-
abilities and to be unequal with another set of probabilities. But “‘mutually
exclusive” simply means the two events have no points in common, and no
matter what probability function is defined on the sample space, AB is empty,
so P(AB)=0. If A and B are mutually exclusive, they will be independent
only if either P(A) or P(B) equals zero, since Equation 5 must be satisfied.

Now we will define the concept of independent experiments.

Definition 9. Two experiments are independent if for every event A associated
with one experiment and every event B associated with the second
experiment,

P(AB)=P(A)P(B)

It is equivalent to define two experiments as independent if every event
associated with one experiment is independent of every event associated
with the other experiment.

It is quite tedious to examine every pair of events associated with two
experiments to see if they satisfy Definition 9. However, it is sufficient to verify
the definition only for those events consisting of a single point each. Then the
definition is automatically verified for all other events.

In practice, the model is usually set up assuming independence, and the
assumption of independence is then used to find P(AB) using P(A) and P(B)
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in Definition 9. This is the main value of the definition of independence. Thus
it is reasonable to extend the definition of independent experiments to cover
the eventuality of more than two experiments being involved.

Definition 10. n experiments are mutually independent if for every set of n
events, formed by considering one event from each of the n experiments,
the following equation is true:

(6) P(AA; -+ A,)=P(A)DP(A,) - - - P(A,)
where A; represents an outcome of the ith experiment, fori=1,2,...,n.

The word “mutually” may be omitted in the preceding definition if no
confusion results.

Example 8. Let an experiment consist of one toss of a biased coin, where the
event H has probability p and the event T has probability q = 1— p. Consider
three independent repetitions of the experiment, where a subscript will be
used to denote the experiment with which the outcome is associated. Thus
H,T,H; means the first experiment resulted in H, the second in T, and the
third in H. Because of our assumption of independence,

P(H,T,H;)= P(H,)P(T,)P(H) = pqp
If we consider the event “exactly two heads” associated with the combined

. 3
experiments, this may occur (2>= 3 ways, and hence

P(exactly two heads) = 3p?q

Obviously the preceding might just as well have been described as one
experiment with three independent trials. The extension to considering an
experiment consisting of n independent tosses may be made. The probability
of obtaining “exactly k heads” then equals the term p*q"* time- “he
number of times that term can appear. Therefore, in n independent tosses of
a coin,

(7) P(exactly k heads) = (Z)pkq"_k

where p = P(H) on any one toss.

The four preceding definitions, as is true for all definitions, work both ways.
Example 6 presents a situation where the satisfaction of Equation 5 implies
that two events are independent. Example 8 presents a situation where the
assumption of independence implies that Equation 6 is satisfied. It follows then
that if Equation 6 is not satisfied, the experiments are not independent, and
conversely if the experiments are not independent, Equation 6 is not satisfied
for at least one set of events A;A, -+ A

ne
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EXERCISES

1. In an experiment consisting of three tosses of a coin, where the order of the
tosses (first to third) is important, list the points in the sample space.

2

Referring to Exercise 1, give:

(a) Two mutually exclusive events.

(b) Two events that are not mutually exclusive.

If the probability of rain is .15, what is the probability of no rain?

4. If the probability of arriving at an intersection while the traffic light is green is .35
and the probability of the light being yellow is .10, what is the probability that the
light is red?

5. If a football team has an equal probability of winning or losing each game
(assuming no ties occur), what is the probability of the team losing at least seven
games in an eight-game season?

6. If the probability of getting a torn dollar bill is .05, what is the probability that

two out of the three dollar bills obtained are torn (assume independence)?

w

7. If 60% of all stolen cars are recovered and 2% of all cars are stolen each year,
what is the probability of a person having a car stolen and never recovered?

8. The probability of a customer buying a certain bottle of cleaner is .15. Forty
percent of the customers that buy that cleaner also buy a dispenser. What is the
probability that a customer buys both?

9. In three independent tosses of an unbiased coin, what is the probability of
obtaining three heads?

10. In three independent tosses of an unbiased coin, what is the probability of
obtaining at least one tail?

11. In three independent tosses of an unbiased coin, what is the probability of

obtaining three heads if we know that at least one head has occurred?

In three independent tosses of an unbiased coin, what is the probability of
obtaining three heads if we know that the first toss resulted in a head? (Note.
Exercises 11 and 12 have different answers.)

[y
N

PROBLEMS

1. Show that in a sample space with n points, there are exactly 2"—1 events
containing at least one point.
2. Consider three events A, B, and C where P(A)=1/3, P(B)=1/3, P(C)=1/3,

P(AB)=1/9, P(AC)=1/9, P(BC)=1/9, and P(ABC)=0.

(a) Are events A and B independent?

(b) Are events A, B, and C mutually independent?

(c) Find the probability that none of the events A, B, or C occurs. (Hint. Consider
drawing a nuimber from a hat, where the numbers 1 to 9 are in the hat. If the
number is 1, 2, or 3, event A occurs. A 1, 4, or 5 drawn produces event B, and
a 2, 4, or 6 produces event C.)
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1.3. RANDOM VARIABLES

Outcomes associated with an experiment may be numerical in nature, such
as the score on an examination, or nonnumerical, such as the choice ‘“red
door” by a rat escaping from a pen. In order to analyze the results of an
experiment, it is necessary to assign numbers to the points in the sample space.
Any rule for assigning such numbers is called a random variable.

Definition 1. A random variable is a function that assigns real numbers to the
points in a sample space.

We will usually denote random variables by the capital letters W, X, Y, or Z,
with or without subscripts. The real numbers assigned by the random variables
will be denoted by lowercase letters.

Example 1. In an experiment where a consumer is given a choice of three
products, soap, detergent, or Brand A, the sample space consists of the three
points representing the three possible choices. Let the random variable
assign the number 1 to the choice “Brand A” and the number O to the other
two possible outcomes. Then P(X =1) equals the probability that the con-
sumer chooses Brand A.

At times it is convenient to define more than one random varaible for a
single sample space, such as in the following example.

Example 2. Six girls and eight boys are each asked whether they communi-
cate more easily with their mother or their father. Let X be the number of
girls who feel they communicate more easily with their mothers and let Y be
the total number of children who feel they communicate more easily with
their mothers. If X =3, we know the event ““3 girls feel they communicate
more easily with their mothers’ has occurred. If, at the same time, Y =7, we
know that the event ““3 girls and 7—3 =4 boys feel they communicate more
easily with their mothers” has occurred.

If X is a random variable, “X = x" is a short-cut notation that we use to
correspond to some event in the sample space, specifically the event consisting
of the set of all points to which the random variable X has assigned the value

[PV L]

X

Example 3. In an experiment consisting of two tosses of a coin, let X be the
number of heads. Then “X = 1" corresponds to the event containing only the
points HT and TH.

Thus “X=x" is sometimes referred to as ‘“the event X =1x,” when the
intended meaning is ‘‘the event consisting of all outcomes assigned the number
x by the random variable X.”

Because of this close correspondence between random variables and events,
the definitions of conditional probability and independence apply equally well to
random variables.
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Definition 2. The conditional probability of X given Y, written P(X=x| Y =),
is the probability that the random variable X assumes the value x, given
that the random variable Y has assumed the value y.

The equation for determining conditional probabilities may be obtained from
Definition 1.2.7 as

P(X=xY=Yy)

6 P(X=x| Y =y) ==

if P(Y=y)>0
Example 4. Let X be the number of girls that communicate more easily with
their mothers out of six girls, as in Example 2, and let Y be the total number
of children who communicate more easily with their mothers. For conveni-
ence let Z=Y - X, so Z equals the number of boys, out of eight boys, who
communicate more easily with their mothers. Assume that the answers given
by the children are independent of each other and that each child has the
same probability p (unknown) of saying they communicate more easily with
their mother. We will find the conditional probability P(X=3 | Y="17).
First, by the preceding assumptions, X =3 and Z =4 are independent
events. Since the event (X =3, Y =7) is the same as the event (X=3,Z=4)
we have the joint probability

P(X=3,Y=7=P(X=3,Z=4)
= P(X =3)P(Z = 4) by independence,

| Sra-o(;)
2 — 3(1_ )3 401 _ . \4
@ ($)era-p($ )oa-py
because of Example 1.2.8. By the same example, we conclude that
14
) P(y=7)= ("2 )" -py

so the conditional probability P(X=3|Y =7) is

6\(8
(4) PX=3|Y=T7)= PO:; :;): _ (?3‘(14) =.408

7
because all of the factors involving the unknown p cancel each other.

Just as the points in a sample space are mutually exclusive, the values that a
random variable may assume are mutually exclusive. That is, for a single
outcome of an experiment, the random variable defined for that experiment
furnishes us with only one number. Thus the entire set of values that a random
variable may assume has many of the same properties as a sample space. The
individual values assumed by the random variable correspond to the points in a
sample space, a set of values corresponds to an event, and the probability of




22 Probability Theory

the random variable assuming any value within a set of values equals the sum
of the probabilities associated with all values within the set. For example,

P(a<X<b)= ) P(X=x)
a<x<b
where the summation extends over all values of x between, but not including,
the numbers a and b, and

P(X = even number) = Z P(X=x)

X even

where the summation applies to all values of x that are even numbers. Because
of this similarity between the set of possible values of X and a sample space,
the description of the set of probabilities associated with the various values X
may assume is often called the probability function of the random variable X,
just as a sample space has a probability. function. However, the probability
function of a random variable is not an arbitrary assignment of probabilities, as
is the probability function for a sample space, because once the probabilities
are assigned to the points in a sample space and once a random variable X is
defined on the sample space, the probabilities associated with the various
values of X are known and the probability function of X is thus already
determined.

Definition 3. The probability function of the random variable X, usually denoted
by f(x), is the function that gives the probability of X assuming the value
x, for any real number x. In other words,

Q) fx)=P(X=x)

The probability function always equals 0 at values of x that X cannot
assume.

Sometimes it is convenient to represent the probability function as a bar
graph, with the values of the random variable as the abscissa (along the
horizontal axis) and the probabilities as the ordinate (the height of the bar). For
instance, if P(X=1) equals .3, P(X =2) equals .4, and P(X = 4) equals .3, the
bar graph of the probability function looks like this. The heights of the bars

f(x)

a4




1.3. Random Variables 23

represent the various probabilities associated with the random variable X.

It is not always convenient to use f(x) to denote the probability function of a
random variable. Other expressions that may be used include fy(x), f1(x), fo(x),
g(x), h(x), and so on. However, the meaning of the various expressions used
will always be clear from the context.

We have seen that the distribution of probabilities associated with a random
variable may be described by a probability function. Another way of accomp-
lishing the same thing is by means of a distribution function, which describes the
accumulated probabilities.

Definition 4. The distribution function of a random variable X, usually denoted
by F(x), is the function that gives the probability of X being less than or
equal to any real number x. In other words,

(©6) F(x)=P(X=x)= ) f(t)

t=x
where the summation extends over all values of ¢ that do not exceed x.

Distribution functions also may be represented graphically, with the x as the
abscissa and F(x) as the ordinate. As an illustration, suppose, as before, that
P(X=1)=.3, P(X=2)=.4, and P(X=4)=.3. Then the graph of F(x) looks
like this. ’

F(x)

The graph actually consists only of the horizontal lines; the vertical lines are
drawn in merely to give the graph a somewhat “connected” appearance, and to
assist in the finding of quantiles as explained in the next section. The lengths of
the vertical lines are the same as the lengths of the bars in the graph of the
probability function.

Some probability distributions are well known and consequently have been
given names.
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Definition 5. Let X be a random variable. The binomial distribution is the
probability distribution represented by. the probability function

™ fo)=PX=x)= ("o x=0,1,...,n

where n is a positive integer, 0=p=1, and g=1—p. Note that we are
using the usual convention that 0!=1.

The distribution function is then

®) Fx)=P(X=x)=Y ('i')piqn—f

i=x

where the summation extends over all possible values of i less than or equal to
x. Table A3 (see appendix) gives the values of F(x) for some selected values of
the parameters n and p.

Example 5. An experiment consists of n independent trials where each trial
may result in one of two outcomes, ‘“‘success” or ““failure,” with probabilities
p and g, respectively, such as with the tossing of a coin. Let X equal the total
number of “‘successes” in the n trials. Then, as was shown by Equation 1.2.7,

P(X=x)= (:)p"q“"‘

for integer x from 0 to n. Thus X has the binomial distribution.
Another useful probability distribution is the discrete uniform distribution.

Definition 6. Let X be a random variable. The discrete uniform distribution is
the probability distribution represented by the probability function

9) f(x)=% x=1,2,....N

Thus X may assume any integer value from 1 to N with equal probability, if
X has the discrete uniform probability function.

Example 6. A jar has N plastic chips, numbered 1 to N. An experiment
consists of drawing one chip from the jar, where each chip is equally likely to
be drawn. The sample space has N points, representing the N chips that may
be drawn. Let X equal the number on the drawn chip. Then X has the
discrete uniform distribution.

When several random variables are defined on the same sample space or
when several experiments, each with one or more random variables defined for
them, are considered as a combined experiment, it becomes useful to consider
joint distributions, described by joint probability functions and joint distribution
functions.
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Definition 7. The joint probability function f(x,, x,,...,x,) of the random
variables X, X;,..., X, is the probability of the joint occurrence of
X;=%, X,=Xx,,..., and X, =x,. Stated differently,

(10) fxy, %0 .., %) =P(X =%, X0=%,,...,X,=X,)

Definition 8. The joint distribution function F(xq,X,, ..., x,) of the random
variables X, X,,..., X, is the probability of the joint occurrence of
X1=x4, X,=x,,..., and X,=x,. Stated differently,

(11) F(xl, X35+ ens xn):P(Xlsxla X2sx21 ) X"an)

Example 7. Consider the random variables X and Y as defined in Example
2. Let f(x,y) and F(x,y) be the joint probability function and the joint
distribution function, respectively. Then, from Example 4,

(12) F6.1=Px=3,Y=7=(3)(})ra-py
and

(13) FG3,7)=P(X=3,Y=7)= ) f(xvy)
where

fix, y)= (‘S)px(l - p)6_"<y §x>py—X(1 — )

and where the summation in Equation 13 extends over all values of x and y
such that x=3 and y=7, with the usual restriction that x and y—x be
nonnegative integers. Note that Equations 12 and 13 cannot be evaluated
without knowing the value of p.

Definition 9. The conditional probability function of X given Y, f(x | y), is

(14) fx|y)=PX=x|Y=y)

From Equation 1 we see that

B _ _ _P(X=x,Y=y)

flx]y)=P(X=x| Y—y)————P(Yzy)
f(x,y)
15 =277
(13 f(y)

where f(x, y) is the joint probability function of X and Y and f(y) is the
probability function of Y itself.
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Example 8. As a continuation of Example 7, let f(x | y) denote the condi-
tional probability function of X given Y =y. Then

f@|7=P(X=3|Y=7)=.408
from Equation 4. To find a formula for f(x | y) in general (i.e., for any values

of x and y we may choose), first let f(x, y) denote the joint probability
function of X and Y. This is given in Example 7 as

flx, y)= (j)p"(l - p)s‘”(y §x>Py-x(1—p)8—‘”"‘)

which originally was a general form for Equation 2. Also, let f(y) be the
probability function of Y. From Example 4 again we can generalize to get

f)=P(r=y)= 1y4>py0 e

By Definition 9 we can now write the conditional probability function of X

given Y=y.
6\/ 8
(16) x| y)=f;’z’),§)=<x><(1i;x> 8§;ffsg
y

where all of the terms involving the unknown parameter p conveniently
cancel out.

In the previous examples we work with a probability distribution known as
the hypergeometric distribution. In its more general form we usually refer to
having A objects of one kind and B objects of a second kind (the total
numbers of girls and boys in the examples). Then the probability of selecting x
of the A objects, given that altogether k of the A+ B objects total are
selected, under the assumption that each object has the same chance of being
selected, is given by the hypergeometric probability function.

Definition 10. Let X be a random variable. The hypergeometric distribution is
the probability distribution represented by the probability function

(?)(k?x> 0=x=A

17) fx)=P(X=x)= ‘(A+B') 0=k—-x=B
k

where A, B, and k are nonnegative integers and k <A + B.

Mutually independent random variables may be defined in a manner similar
to Definitions 1.2.9 and 1.2.10 of independent experiments.
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Definition 11. Let X, X,,..., X, be random variables with the respective
probability functions f,(x,), f»(x,), . . ., f.(x,) and with the joint probability
function f(x,, x5, . .., x,). Then X, X;, . .., X, are mutually independent if

(18) fGgs X2, - o5 %) = fi(x)fa(x2) « * * fu(x2)
for all combinations of values of x4, x,, ..., X,.

Example 9. Consider the experiment described in Example 8. Then the
probability function of X is given by

(19 fi0=Px=2=(8)pra-py
and the probability function of Y is given by

20) F) =P =y)= (1) a-py+
Since

fx,y)=P(X=x,Y=y)=P(X=x|Y=y)P(Y=Yy)

the use of Equations 16 and 20 results in the joint probability function of X
and Y being given by

O e
(1:) (y)p( p)
= ()2, Jra-ore

fx y)=

But, since

AR = (§)( o a-pre
we see that

fGx, ¥)# f1(x)f2(y)

and, therefore, X and Y are not independent.

EXERCISES
1. If f(x) is the binomial probability function with n =6 and p = 1/3, find
(@) f(6). (b) f(0).
(c) f(2.5). (d) F(2.5).

(e) F(-3). &) F(7).
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(g) Draw a bar graph of the probability function.
(h) Draw a graph of the distribution function.

Suppose f(x) is the discrete uniform probability function with N equal to 12. Find
(@ Q2. (b) f(12).

(© £(0). (d f(1.5)

(e) F(0). ® F@3.1).

(g) F(1000). (h) F(=1000).

(i) Draw a bar graph of the probability function.

(j) Draw a graph of the distribution function.

Let X and Y be independent, binomially distributed random variables, with
parameters n=3, p=1/2 for X, and n=4, p=1/2 for Y. Let f(x, y) denote the
joint probability function of X and Y. Find

(a) £(0,0). (b) £(0,1).
() £(1,0). (d) f(3,4).
(e) f4,4). () F(,0).
(® f(1,1). (h) F3,4).

Let f(x | k) be the hypergeometric probability function, where A =3 and B=4.
Find

(a) f(0]0). (b) f1]1).

© f2|). @ fQal3).

(e) f(1]6).

A diner selects one sandwich at random out of six possible sandwich varieties.

(a) What is the sample space?

(b) What is the probability function on the sample space?

(c) Define a random variable on the sample space such that the random variable
has a discrete uniform distribution.

Seven boys and 10 girls take an examination, and each student has probability .2

of failing the examination.

(a) What is the sample space for this experiment?

(b) Given that three students failed the examination, what is the probability that
all three are boys?

(c) What is the name of the probability distribution you are using?

(d) If the probability of each failure is .8 instead of .2, what is the answer to part
b?

PROBLEMS

1.

Which of the following functions are possible probability functions? Justify your
answer.
(a) f(x)=1/6 forx=1,2,3,4,

=0 elsewhere
®) f(x)=01/4* forx=1,2,3,4,...,
=0 elsewhere

© fx)=1Q-p)p* forx=0,1,2,...,
=0 elsewhere, where p is a constant between 0 and 1
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2. Assume that every patient with a particular type of disease has probability .1 of
being cured within a week, if the patient is given no treatment for the disease. Ten
patients with that type of disease are given a new type of drug. After one week 9
out of the 10 patients are cured.

(a) What is the probability of at least 9 patients being cured if the drug is assumed
to have no curative effects?

(b) In your opinion, would you consider this drug to be beneficial?

(c) What sample space did you use in this analysis?

(d) What probability function did you define on the sample space?

(e) What random variable did you define on the sample space?

(f) What is the name of the probability distribution of your random variable?

1.4. SOME PROPERTIES OF RANDOM VARIABLES

We have already discussed some of the properties associated with random
variables, such as their probability functions and their distribution functions.
The probability function describes all of the properties of a random variable
that are of interest, because the probability function reveals the possible values
the random variable may assume and the probability associated with each
value. A similar statement may be made concerning the distribution function.
At times, however, it is inconvenient or confusing to present the entire
probability function to describe a random variable, and some sort of a
“summary description” of the random variable is needed. We will now
introc'uce some other properties of random variables that may be used to
present a brief, but incomplete, description of the distribution of the random
variable.

The most common method used in this book for summarizing the distribu-
tion of a random variable is by giving some selected quantiles of the random
variable. The term “quantile” is not as well known as the terms ‘“‘median,”
“quartile,” “decile,” and “‘percentile,” yet these latter terms are popular names
given to particular quantiles. The median of a random variable, for example, is
some number that the random variable will exceed with probability one-half or
less and will be smaller than with probability one-half or less. This definition
may be extended as follows.

Definition 1. The number x,, for a given value of p between 0 and 1, is called
the pth quantile of the random variable X, if P(X<x,)=p and P(X>x,) =
1-p.

If more than one number satisfies the definition of the pth quantile, we will
avoid confusion by adopting the convention that x, equals the average of the
largest and the smallest numbers that satisfy Definition 1.

That is, X is less than x, with probability p or less, and X exceeds x, with
probability 1— p or less. The median is the .5 quantile, the third decile is the .3
quantile, the upper and lower quartiles are the .75 and .25 quantiles respec-
tively, and the sixty-third percentile is the .63 quantile.
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Perhaps the easiest method of finding the pth quantile involves using the
graph of the distribution function of the random variable. The pth quantile is
the abscissa of the point on the graph which has the ordinate value of p, as
illustrated in the following example.

Example 1. Let X be a random variable with the following probability
distribution.

P(X=0)=1
P(X=1)=1%
P(X=2)=1
P(X=3)=1

Then the distribution function of X may be represented by the following
graph. The .75 quantile x5, called the upper quartile, may be found by
drawing a horizontal line through .75 on the vertical axis, as indicated by the
dotted line in Figure 2. The value of x where the dotted line intersects the
graph is the upper quartile, which equals 2 in this example. Therefore we
may say that x,s=2, which may be verified directly from the definition,
since

P(X<2)=1
which is less than .75, and since
P(X>2)=1

which is less than 1-.75.

Similarly, the median is found by drawing a line through .5 on the vertical
scale. The median is any value from 1 to 2 inclusive, and it is easy to see that
any of these values satisfies the definition of the median. By our convention
we select 1.5 as the median.

F(x)
10— [
.75~———;——————¥ ———————— —
s
B | A | | | .
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Certain random variables called ‘‘test statistics’” play an important role in
most statistical procedures. These test statistics are useless unless their distribu-
tion functions are at least partially known. Most of the tables in the appendix
give information concerning the distribution functions of various test statistics
used in nonparametric statistics. This information is condensed with the aid of
quantiles; otherwise the tables would be inconveniently bulky.

Often we will define a random variable and, instead of working with that
random variable, we will work with a function of the random variable. A real
valued function of a random variable X is a rule for assigning new real
numbers to the sample space instead of the usual numbers assumed by X. For
example, if Y=X+4, Y is a real valued function of X; if X=x, Y=x+4. If
X =3, Y=17. This is usually written as Y = u(X), where u(X) in this case is
X +4. Other functions might include u(X)=X? u(X)=X, and u(X)=
(X — a)? for some constant a. Since Y also assigns real numbers to points in the
sample space, even though Y uses X in the process, we see that Y is a random
variable. It is true in general that a real valued function of a random variable is
also a random variable.

Another very useful property of a random variable is its expected value. First
we will present a general definition of expected value; it will be followed by
some particular cases.

Definition 2. Let X be a random variable with the probability function f(x) and
let u(X) be a real valued function of X.
The expected value of u(X), written E[u(X)], is

(1) E[u(X)]=Y u(x)f(x)

where the summation extends over all possible values of X. If the sum on
the right side of Equation 1 is infinite, or does not exist, we say that the
expected value of u(X) does not exist.

Our interest is confined mainly to two special expected values, the mean and
the variance of X.

Definition 3. Let X be a random variable with the probability function f(x).
The mean of X, usually denoted by u, is

(2) n=E(X)

From Equation 1 we have

©) p =EX)=} xf(x)

which shows our mean to be the same as the ‘“‘centroid” in physics. The mean,
as does the centroid, marks a central point, a point of balance. If weights, in
proportion to the various probabilities, were to be placed on a yardstick at the
appropriate values of X, the yardstick would balance right at the mean.
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Because of this tendency to “locate” the center of the distribution, the mean is
sometimes called a “location parameter.” The mean and the median, discussed
previously, are the two most commonly used location parameters.

Example 2. Consider a simple experiment that results in “‘success” with
probability p or “failure” with probability q equal to 1—p. Let X equal 1 if a
“success” occurs and 0 if a “failure” occurs. Thus X has the binomial
distribution with n equal to 1. From Equation 3 the expected value of X is
determined as follows.

4 EX)=1(p)+0(1-p)=p

The mean of X is equal to p. If the outcomes have equal probability, p
equals 1/2 and the mean of X equals 1/2.

Example 3. A certain business man always eats lunch at a certain restaurant,
which has lunches priced at $1.00, $1.50, $2.00, and $2.50. The business-
man knows from past experience that on any given day he will select the
$1.00 lunch with probability .25, $1.50 lunch with probability .35, and the
remaining two lunches with probability .20 each. Let X be the price of the
lunch, in dollars. The probability function of X is

P(X=1)=.25
P(X=1.5)=.35
P(X=2)=.20
P(X=2.5)=.20

The mean of X is found using Equation 3.
E (X) = (1)(.25)+(1.5)(.35) + (2)(.20) + (2.5)(.20) = 1.675

Over a long period of time the businessman may expect the average
luncheon expense to be somewhere near $1.673, even though no single lunch
will cost that amount.

Just as the mean and the median are called location parameters, the name
‘“scale parameter” is given to properties of the random variable that measure
the amount of spread, or variability, of the random variable. One scale
parameter based on quantiles is the interquartile range, the number obtained by
subtracting x ,s from x ;5. Another scale parameter, based more directly on the
probability function, is the range, which equals the largest possible value of the
random variable minus its smallest possible value. The most common scale
parameter is the standard deviation, which equals the square root of the
variance, defined as follows.

Definition 4. Let X be a random variable with mean p and the probability
function f(x). The variance of X, usually denoted by o or by Var (X)), is

® o?=E[(X—-u)’]
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Using Equation 1 the variance of X may be written as

o?=) (x—p)*f(x)

x

= (*—2px+pIf(x)
(6) =3 x%f(x) -2 Y, xf(x)+u? ) f(x)

Because Y, f(x) equals 1, and because of Equation 3, Equation 6 becomes
(7 o?=E(X?)—2u*+u*=E(X?)—p?

which is often a more useful form of the variance for computing purposes.
The positive square root of the variance is called the standard deviation of
X and is usually denoted by o.

Example 4. If X has the binomial distribution with n equal to 1, then
P(X=1)=p and P(X=0)=1-p. In Example 2 the mean of X was found to
equal p. Therefore, from Equation 6,
o?=(1-p)*(p)+(0—p)*(1—p)
=p(1-p)
(8 =pq
Alternatively, we might use Equation 7 to compute o>. Then we would first
compute E(X?) using Equation 1.
E(X?)=(1)*(p)+(0)*(1-p)
=p
The variance of X is then found to be
a2=E(X?— Mz
=p-p*
=p(1-p)
as before.
Example 5. There are six identical chips numbered 1 to 6. A monkey has
been trained to select one chip and give it to its trainer, whereupon it
receives a number of bananas equal to the number on the chip. The sample
space is the chip selected by the monkey. Let X be the number on the chip.
If each chip has probability 1/6 of being selected, X has the discrete uniform
distribution. For the mean of X we have
E(X)=1@)+2@+3G) +4@) + 56+ 6()
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The expected value of X? is given by
E(X?)=1@)+4@®+9@) +16() +25@) +36()
=15¢%
The variance of X is computed using Equation 7.
Var (X) = E(X?)— p?

= 154— (33

—ou

— 412
The standard deviation is the square root of the variance and, for this
example, equals 1.71.

Definition 2 defined the expected value of a function of a single random
variable. An extension of the definition may be made to include functions of
several random variables considered jointly. This extended definition leads us
into consideration of the covariance of two random variables and enables us
to find the mean and variance of the sum of several random variables.

Definition 5. Let X, X,, ..., X, be random variables with the joint probability
function f(x,, x,, ..., x,), and let u(X;, X, ...X,) be a real valued func-
tion of X;, X5, ..., X,. Then the expected value of u(X;, X5, ..., X,) is

(9) E[u(Xb X2, L] Xn)]zz u(xl’ X2+ 0 xn)f(xl, X250 00y xn)
where the summation extends over all possible combinations of values of

X1y X2y« « vy Xpe

To show that Definition 5 is consistent with Definition 2, consider a function
of only one random variable, which we may call u(X,), although any X; other
than X; may be considered in the same way. From Equation 9 we have

E[u(X)]= Z u(x)f(x1, X2, . . . , Xp)

where the summation extends over all combinations of values of x,, x,, ..., x,.
Since

f(x19x2a"',xn)=P(Xl=xlaX2=x29'"7Xn=xn)
=P(X2=x2,---,Xn=xn|X1=x1)'P(X1=x1)
we have

E[u(Xl)]=Z Z T Z u(x)P(Xo=x5,..., X, =x, |X1=x1) ‘P(X;=xy)

X1 X2 Xn

=Y ux)P(X;=x) ) -+ 2 PXo=%p,..., X, =%, | X1 =%,)
X1 X2 Xn

However, the last n—1 summations equal unity, because they represent the
summing of the conditional probabilities over all of the points in the reduced
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sample space. We are left with
E[u(X)]= ), u(x)P(X;=x,)

which is the same as in Definition 2. Hence we see that Definition 2 is a special
case of Definition 5.
One of the simpler functions of X;, X,,..., X, is

(10) Y=X1+X2+"'+Xn

That is, each value of the random variable Y associated with the combined
experiment involving the X;s is obtained simply by adding the values achieved
by all the X;s. Then

E(Y)=) (x4 +x)f(x1, - - -, %)

(11) =2 xaf(, %)+ L xf G %)

where each summation extends over all possible combinations of the values of
X1, - - - » X,. Using Definition 5, Equation 11 immediately becomes

(12) E(Y)=E(Xy)+ - +E(X,)

The result of these calculations may be stated as a theorem.

Theorem 1. Let X, X,, ..., X, be random variables and let

Y=X+X+ - +X

Then E(Y)=E(X))+E(X,)+ - - -+ E(X,).

The statement in Theorem 1 holds true in all cases, whether the random
variables are independent or not. Often the apparently difficult problem of
finding the mean of the sum of several random variables reduces to a trivial
exercise with the use of this theorem.

The results of the next two examples will be used in later chapters.

Example 6. Let Y be the total number of “successes” in n independent
trials, where each trial results in either “success” or “failure’ with probabil-
ity p and q=1-p, respectively. Then Y has the binomial distribution with
parameters n and p. However, Y may be regarded as the sum of n
independent random variables X;, X,, ..., X, where X; =1 if the ith trial
results in “‘success” and X; =0 if the ith trial results in failure, for each i
from 1 to n. Then

Y=X+X,+ - +X,

and, from Theorem 1,

E(Y)=E(X)+E(Xp)+ - - +E(X,)
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In Example 2 the mean of X; was found to equal p. Therefore
(13) E(Y)=np

gives the mean for the binomial distribution.

Note that in the binomial distribution the trials are assumed to be
independent and, therefore, the X; are independent. This assumption is not
needed in order to find the mean.

The following lemma is needed in Example 7. This lemma presents a
convenient equation for expressing the sum of consecutive integers.

Lemma 1.

™Mz

_(N+a)(N—a+1l) - . (N+1N
= ) and l§11—42

Proof. The desired sum may be written two ways. Let S=YI__ i. Then
S=a+(@+1)+@+2)+---+(N-1)+N
S=N+(N-D+(N-2)+---+(a+1)+a

Adding the two equations together gives

2S=(N+a)+(N+a)+(N+a)+ ---+(N+a)+(N+a)
=(N+a)(N—-a+1)

Therefore

g i i=(N+a)(1£I—a+1)

For a =1, this becomes

N (N+ 1)N

i=1

M

completing the proof.

Example 7. There are N chips in a jar, numbered from 1 to N. One by one,
n of those chips, where n is less than N, are drawn from the jar, the number
noted, and they are put aside. Let Y be the sum of the numbers on the n
drawn chips. Assume the drawings are random; that is, each chip is equally
likely to be selected.

The mean of Y would be difficult to find without using Theorem 1. The
successive drawings are not independent, because once a number is re-
corded, no other chip can have that same number. However, we may regard
Y as the sum of the random variables X;, X,, ..., X,, where each X is the
number on the ith chip drawn.

Now the chip drawn on the ith drawing is just as likely to be any one chip
as any other chip. Therefore the probability distribution of X, considered by
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itself, is the discrete uniform distribution, with the probability function
1
PX,=k)=—, for k=1,2,3,...,N
N
Therefore, with the assistance of Lemma 1, we have the following.
e 1
o0 § 1)
(X)= 2 k(§
N
Y k
k=1

N(N+1)
2

= Z= 7

N
N+
(14) ===

[y

Equation 14 furnishes us with the mean of a discrete uniform random
variable. Since Y equals X;+ X,+ - - +X,, we have

E(Y)=E(X)+E(Xy)+ - - +E(X,)

N+1
2

(15) =n

A particularly useful function of two random variables is [X;—E(X;)]X
[X,—E(X,)], whose expected value is called the covariance of X, and X,. In
particular, a comparison of Definition 4 with the following reveals that the
“variance of X; may be considered as the covariance of X, with itself.

Definition 6. Let X; and X, be two random variables with means w, and .,
probability functions f;(x;) and f,(x,), respectively, and joint probability
function f(x,, x,). The covariance of X; and X, is

(16) Cov (X3, X5) = E[(X;— p)(X5— )]
The definition of expected value, Definition 5, may be used to give
Cov (X3, X5) = E[(X;— ) (X2~ )]
(17) = Z (31— 1) (2 — o) f(xq, X5)
where the summation extends over all values of x, and x,. This expands as
Cov (X, X5) = Z (12— paXa— poxy + pyp2)f(xq, X5)
= Z x1%2f (X1, X2) — iy Z Xof (X1, X2) — 2 Z x1f(x1, X2)
a2V % Z f(x1, x5)

= E(X:X5) — ity — oty + 1ty
(18) =E(X1X2)_I~L1M2
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Equation 18 is often easier to use than Equation 17 when calculating a
covariance.

Example 8. An insurance company has noticed that the probability of any
particular person having an automobile accident within a given year is about
.1. However, this probability becomes .3 if it is known that the person had an
automobile accident the previous year.

Let X, equal 0 or 1, depending on whether a particular person has no
accidents or at least one accident, respectively, during the first year of his or
her insurance period. Let X, be similarly defined for the second year of that
same person’s insurance period. The probability function of X;, and there-
fore X, also, is

P(X;=0)=.9
PX;=1)=.1
From example 2 we obtain
EX;)=.1
EXy)=.1

The joint probability function of X; and X, at X;=1 may be found as
follows.

fA,)=PX;=1,X,=1)
=P(X,=1|X,=1)P(X;=1)
=(3)(.1)
=.03
The computation of E(X;X,) follows directly from Definition 5.
E(X;X5)=1)(1f(1, 1) plus “zero” terms
=.03
The covariance of X; and X, is then obtained by using Equation 18.
Cov (X3, X5) = E(X,X;)— E(X,)E(X,)
.03-(0.1)(0.1)
=.02

We will now define the correlation coefficient, which is used as a measure of
linear dependence between two random variables. Although we will not prove
it here, the correlation coefficient is always between —1 and +1. It equals zero
when the two random variables are independent, although it may equal zero in
other cases also.

Definition 7. The correlation coefficient between two random variables is their
covariance divided by the product of their standard deviations. That is, the
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correlation coefficient, usually denoted by p, between two random vari-
ables X; and X, is given by

__ Cov(Xy, X5)
VVar (X)) Var (X,)

(19)

A lemma that will be used in the next example is now presented. This lemma
furnishes us with a convenient formula for expressing the sum of the squares of
the first N consecutive integers.

Lemma 2.

2  NON+D@N+1)
6

[N agks

Proof. Let S=Y;_, i*>. Then
S$=124+2?+3>+4%+---+N?
=142 43 +4 +---+N
+2 43 44 +---+N
+3 +4 +---+N
+4 +---+N

+N

where the sum of the numbers in the ith column is i>. However, instead of
adding down the columns, we will add across the rows. The sum of the
numbers in the jth row from the top is found by Lemma 1 to be
(N+j)(N—-j+1)

2
=3 (N*+N+j~)

jHG+D)+(+2)+--+N=

Adding these row sums together gives

N
$=2 3N*+N+j-’)

i=1

1 13 13 1
== ) N*+= ) N+= ) j—z L

2,.‘; 2,.; 2,;’ 2,.;’

i N+ N+ S

since the last sum in the middle equation is denoted by S in this proof.
Rearranging gives

38 =12N3*+3N?*+N)=iN(N+1)2N+1)

—%S
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so that

s=3 i N(N+ 12(2N+ 1)

completing the proof.
Example 9. A jar contains N plastic chips numbered 1 to N, as in Example

7. An experiment consists of drawing n of these chips from the jar, where
n =<N. We assume that each chip is equally likely to be selected and that the

drawing is without replacement. Let X;, X, ..., X, be random variables,
where X; equals the number on the ith chip drawn from the jar; for
i=1,2,...,n In this example we will find the covariance of X; and X
From Example 7, we have
N+1
E(X)=—5—
Also, from Equation 7 and Lemma 2 we have
J 1 (N+1)?
var (%) = B~ [ECOF= 3 k2o (M)
k=1 N 2
_~1_N(N+1)(2N+1)_<N+1)2
N 6 2
(N+1)(N—-1)
20 =
(20) B

Now consider jointly two random variables X; and X, where i# j. Their joint
probability function is

f(xi’xj)‘:P(}(i:xia)(j:xj):P(){i:xiI)(j=xi)’P(){j=xj)

1

-1 1

for x, ,=1,2,...,N; ;#x;

because once X; is known to equal x;, X; may equal any integer from 1 to N
except the integer x;. Hence there are N — 1 equally likely values for X;, each
with a probability 1/(N—1).
The covariance of X; and X, using Definition 6, is
Cov (X, X;) = E{[X; - EQX)IX; - E(X)T}
Since the mean of both X; and X is (N+1)/2, we have

N XN N+1 N+1 1
Cov i, X)= X Y (k= )(s-757)
ov (X, X;) Z*Z 2 "2 Jv-ow

where the summation extends over all k and s from 1 to N, except that k
does not equal s because X; and X; cannot equal the same number at the
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same time. If we, at the same time, add and subtract those terms for k= s
the covariance becomes

cOv(Xi,X,-)=i i (k_N+1><S_N+1> 1

k=1s=1 2 2 J(N=D(N)
N N+1\ 1
_k; (k_ 2 )(N—l)N
__1__” _N+1 it _N+1
(22) _(N~1)Nk; (k 2 ); (s 2

To simplify Equation 22 we note that

N N+1\_&. N N+1_NWN+1) NN+1)_
(23) igl (l— 2 )_igll igl 2 - 2 2 _0

and therefore the first term in Equation 22 equals zero. Also, from the
definition of variance and from Equation 20 we have

24 Var (%)= 3 (k-2 LN DN-D

k=1

Substitution of Equations 23 and 24 into Equation 22 yields

25) Cov (x, X) = -2

The fundamental importance of the covariance is based on what happens to
the covariance in the case of two independent random variables. Let X; and X,
be two independent random variables with probability functions f,(x;) and
f>(x,), and means w, and u,, respectively. Then the covariance of X; and X is

Cov (X;, X5)=E(X;, X5)— pips
= Z X1%2f (X1, X5) = 1t

where the summation extends over all combinations of values of x; and x,.
Since X; and X, are independent,

f(x1, x5) = fi(x)fa(x2)

and

Cov (X3, X5) = Z x1%:f1(x)f2(%2) — w2

X1,X2

= [; x1f1(x1)][z xzfz(xz)]_ T3y

X2

=Wk~ U1 =0
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Therefore independence of two random variables implies that their
covariance is zero, which in turn implies that their correlation coefficient equals
Zero.

Theorem 2. If X, and X, are independent random variables, the covariance of
X, and X, is zero.

The converse of Theorem 2 is not necessarily true. That is, zero covariance
does not necessarily imply that the random variables are independent, even
though the implication is an error made often in practice.

Example 10. Define the joint probability function of two random variables
as follows.

P(X=0,Y=0)
P(X=1,Y=1)
P(X=-1,Y=1)
The probability function of X is then

1
2
1
P
1
1

I

P(X=0)=3
P(X=1)=;
P(X=-1)=3
and the probability function of Y is
P(Y=0)=3
P(Y=1)=3
The expected values of X and Y are
E(X)=0
E(Y)=3

The covariance of X and Y is
Cov (X, Y)= E(XY)—-E(X)E(Y)
=(1)@)+(-1;E-0)@)
=0
However, X and Y are not independent, because
P(X=0,Y=0)=3
which is not equal to
P(X=0)P(Y=0)=()G)

=1

— 4
Therefore X and Y have zero covariance, even though they are not
independent.
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We are now equipped to find the variance of the sum of several random
variables. Let Y equal X;+X,+ - - +X,, where the X;s may or may not be
independent. We wish to find the variance of Y.

Var (Y)=E{[Y-E(Y)F}
=E{X;+X,+ -+ X, -E(X)-EXp)—--- _E(Xn)]z}
=E{{X;-E(X)+X,-E(X))+ -+ + X, - E(X,)F}
-B{ ¥ (X -ECOF+ 3. ¥ 1 - ECOLx - B
i=1 i=1j=1
it

But since the expected value of a sum of random variables equals the sum of
the expected values of the random variables,

Var(Y)= ¥ EX-EX)P+ ¥ 3 E{X~EX)IX-E)]

i=1 i=1j=1
i#i

(26) = 2 Var(X)+ ), 2, Cov (X, X))

i=1 i=1j=1

i#

If X;,...,X, are mutually independent then, from Theorem 2, we have
Cov (X, X;)=0, and
27) Var (Y)= ), Var(X,)

i=1

We may summarize this as a theorem.

Theorem 3. Let X, X,, ..., X, be random variables and let
Y=X+X,+ - +X,
Then

Var (Y)= 3 Var(X)+ 3. 3. Cov (X, X))
i=1 i=1j=1
i#i

Furthermore, if X,, X,, ..., X, are mutually independent,

Var (Y)= ), Var (X))
i=1
Example 11. In continuation of Example 9, let X; equal the number on the
ith chip drawn, as before, and let Y equal the sum of the X;s, as in Example
7. Then Theorem 3 gives us

Var (Y)= 3. Var (X)+ 3, 3. Cov (X, X)
i=1 i=i1#ji=1

The various terms in this equation are given by Equations 20 and 25. The
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variance term appears n times, and the covariance term appears n(n—1)
times.

var ()= n TR - (- 222
(28) _ n(N+ i)z(N— n)

Note that Var (X;) is only a special case of Var (Y) for n=1.

The variance of a random variable that has the binomial distribution is found
in Example 12.

Example 12. Consider n independent trials, where each trial may result in
“success” with probability p, or “failure” with probability q, where p+q
equals 1. As in Examples 4 and 6, let X; equal 0 or 1, depending on whether
the ith trial results in “failure” or ‘“‘success,” respectively, and let Y equal
the total number of “successes” in the n trials. Since the X; are mutually
independent, Theorem 3 states that

Var (Y)= i Var (X;)

From Example 4, Var (X;) equals pq, so
Var (Y) = npq
furnishes us with the variance of Y, which has the binomial distribution.

The results of some of the preceding examples will be used later in this book,
and so they are stated separately as theorems, for convenience.

Theorem 4. Let X be a random variable with the binomial distribution
P(x=k)= (7 Jptar

Then the mean and variance of X are given by
E(X)=np
Var (X) = npq
Theorem 5. Let X be the sum of n integers selected at random, without

replacement, from the first N integers 1 to N. Then the mean and variance of X
are given by

E(X)= n(Nz+ 1)
Var (X) = n(N+1)(N—n)

12
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Example 13. An advertising agency drew 12 sample magazine ads for one of
their customers and ranked the ads from 1 to 12 on the basis of the agency’s
opinion of which ads would be the most effective in selling the product. The
“most effective”” ad was given the rank 1, and so on. The customer, the
manufacturer of the product, selected 4 ads for purchase. They were ranked
4, 6,7, and 11 by the agency.

Assuming that the customer’s choice and the agency’s rankings were
independent, the sum of the ranks on the selected ads should be distributed
the same as the sum of the numbers on 4 chips selected at random out of 12
chips numbered 1 to 12. Let X equal the sum of the ranks of 4 ads if they
are selected independently of the ranks. Then Theorem 5 states that the
mean of X is

@(12+1) _

> 26

E(X)=

and the variance of X is

@12+1(12-4)

Var (X) = D

=342

The standard deviation of X is
o=+Var (X)=5.9
The observed value of X is
X=4+6+7+11=28

which is close to the mean of X under the preceding assumptions.

EXERCISES

1. If P(X=0)=1/3, P(X=1)=1/3, P(X=2)=1/6, and P(X=3)=1/6, find
(@ E(X) (b) Var (X).
(c) E(X*+2X). (d) The median.
(e xys. (f) The fourth decile.

2. If P(X=0)=0, P(X=1)=1/2, P(X=2)=1/4, and P(X=4)=1/4, find
(@) EX). (b) Var (X).
(© E(-X). (d) The median.
(e) The upper quantile. (f) The thirty-seventh percentile.

3.If P(X=0, Y=0)=1/4, P(X=0, Y=1)=1/4, P(X=1, Y=0)=1/4, and
P(X=1, Y=1)=1/4, find

(a) E(X). (b) E(Y).

() E(XY). d) E(X+Y).

(e) Cov(X,Y). #) P(X=0).

(@ P(X=1). (h) Are X and Y independent?
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4. If P(X=0, Y=0)=1/8, P(X=0, Y=1)=3/8, P(X=1, Y=0)=3/8, and
PX=1, Y=1)=1/8, find

(a) E(X). (b) E(Y).
(c) E(XY). (d) E(X?*Y).
(e) Cov(X, Y). (f) P(X=x) for all x.

(g) Are X and Y independent?
5. What is the sum of the 66 integers from 1 to 66?
6. What is the sum of the 30 integers from 70 to 99?
7. If X equals the number of spots showing on one roll of a balanced die, find
(a) E(X).
(b) Var (X).
(c) E(X*+X).
8. If 30 tickets are numbered consecutively from 1 to 30, and 2 tickets are selected at
random without replacement, find
(a) E(sum of the numbers on the two tickets).
(b) Var (sum of the numbers on the two tickets).

PROBLEMS

1. Prove that a vertical line drawn at the mean of a random variable X divides the
distribution function of X in such a way that the area under the distribution
function, to the left of the mean, and above 0, equals the area above the
distribution function, to the right of the mean, and below 1.

2. In the same way that Lemma 2 was obtained using Lemma 1, prove Lemma 3,

N 2 2
Z e N*(N+1)
i=1 4
using Lemma 2. [A general extension is given by Iman (1970).]

1.5. CONTINUOUS RANDOM VARIABLES

All of the random variables that we have introduced so far in this chapter
have one property in common: their possible values can be listed. The list of
possible values assumed by the binomial random variableis0,1,2,3,4,...,n—1,
n. No other values may be assumed by the binomial random variable. The list
of values that may be assumed by the discrete uniform random variable could
be written as 1,2,3,..., N. Similar lists could be made for each random
variable introduced in the previous definitions and examples.

These lists may be infinite in length, such as in an experiment where the
random variable X equals the number of times a monkey pushes the “wrong”’
button before finally pushing the ‘“‘right” button and getting a reward. Then X
may equal zero if the right button is pushed the first time, or X may equal
1000 if the monkey has difficulty finding the right button. Theoretically there is
no limit to the number of times the monkey may choose the wrong button
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before pushing the correct one. The possible values of X may be listed, even
though the list may be infinitely long. The infinitely long list of possible values
is a characteristic of the model and not of the actual experiment in this example
and, in most situations, because real factors such as the eventual death of the
monkey, the absence of research funds, or the waning enthusiasm of the
experimenter will prevent the actual experiment from being prolonged to the
point of absurdity. Nevertheless, the model may be reasonable, and the
random variable in the model may have an infinity of possible values.

A more precise way of stating that the possible values of a random variable
may be listed is to say that there exists a one-to-one correspondence between
the possible values of the random variable and some or all of the positive
integers. This means that to each possible value there corresponds one and
only one positive integer, and that positive integer does not correspond to
more than one possible value of the random variable. Random variables with
this property are called discrete. All of the random variables we have consi-
dered so far are discrete random variables.

Definition 1. A random variable X is discrete if there exists a one to one
correspondence between the possible values of X and some or all of the
positive integers.

The distribution function of a discrete random variable is always a step
function, that is, the graph looks like a series of stair steps, although the steps
may not be very uniform in appearance, and there may be an infinite number
of steps. If any portion of the graph seems to rise gradually instead of rising
only in clear-cut steps, the associated random variable is not discrete.

If the graph of a distribution function has no steps but rises only gradually
where it rises, the distribution function is called continuous, and the random
variable with that distribution function is called a continuous random variable.
Figure 3 is an example of the graph of a continuous distribution function.
Saying that a distribution function has no steps is the same as saying that no
two horizontal lines will intersect the graph at the same value as measured
along the horizontal axis. That is, if there is a step in the graph of a distribution
function, at least two horizontal lines may be drawn, say at heights p and p’,

F(x)
10—

Figure 3
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closely enough to each other so that they intersect the graph at the same value,
as measured along the horizontal axis. Since this describes the graphical
method of finding quantiles, we may say that if there is a step in the
distribution function, there are at least two quantiles x, and x, that are equal
to each other. Conversely, if there are no two quantiles exactly equal to each
other, there are no steps in the distribution function, and the function is
continuous. This leads to a method of defining continuous random variable.

Definition 2. A random variable X is continuous if no two quantiles x, and x,,
of X are equal to each other, where p is not equal to p'. Equivalently, a
random variable X is continuous if P(X=x) equals P(X<x) for all
numbers X.

Example 1. The distribution function graphed in Figure 4 is a continuous
distribution function, and any random variable with the distribution function
F(x) is a continuous random variable. Typical continuous random variables
involve measuring time, weight, distance, volume, and so forth.

F (x)

10—

Figure 4

In practice, no actual random variable is continuous, because the observed
values of actual random variables are always the result of measurements of
some sort, and measurements are made with tools that have only a finite
capacity for discriminating between two values. Continuous random variables
exist only in theory, such as in a model of an actual experiment. At times it is
preferable to assume a random variable to be continuous, even though it is
known to be discrete, as in Example 2.

Example 2. The time it takes a racehorse to run a mile race is a continuous
quantity, because time is generally a continuous quantity. In practice, how-
ever, the time is usually measured to the nearest 1/5 second. It is not unusual
for a horse to run two races in identical lengths of time (i.e., measured time).
The actual lengths of time will be exactly equal with probability zero;
therefore it is reasonable to assume that the time of a race, measured
exactly, is a continuous random variable that is approximately equal to the
measured time of the race, a discrete random variable. If two horses run in
the same race and cross the finish line ahead of all other horses, with
identical measured times, the winner of the race is then determined by
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examining a photograph taken at the finish line at the moment the horses
crossed. Only rarely does this fail to determine the actual winner of the race.
This is meant to illustrate that even though the random variable (measured
time) is discrete, it is assumed to be continuous because the actual order in
which the horses finished the race still may be determined even though two
or more measured times seem to be identical.

Another reason for considering continuous random variables is that the
distribution function of a discrete random variable sometimes may be approxi-
mated by a continuous distribution function, resulting in a convenient method
for computing desired probabilities associated with the discrete random vari-
able. Two continuous distribution functions commonly used for this purpose
are the normal distribution and the chi-square distribution.

The distribution function in the following definition might frighten those who
are unfamiliar with elementary calculus. There is no cause for alarm, however,
because the distribution function is well tabulated. Such tables may be found in
most statistics texts, as well as in Table A1l.

Definition 3. Let X be a random variable. Then X is said to have the normal
distribution if the distribution function of X is given by

(1) F(x) = P(XS x) = J 2]:”'0- e—%[(y—,_,_)/o-]z dy

where it can be shown (using calculus) that the parameters u and o are the
mean and standard deviation of X. The standard normal distribution is the
normal distribution with u equal to 0 and o equal to 1.

The normal distribution function cannot be evaluated directly, and so Table
Al may be used to find approximate probabilities associated with normal
random variables. Table Al gives selected quantiles of the standard normal
random variable. Quantiles of normal random variables with mean u and
variance o> may be found from Table A1, with the aid of the equations given
without proof in the following theorem.

Theorem 1. For a given value of p, let x, be the pth quantile of a normal random
variable with mean p. and variance o, and let w, be the pth quantile of a
standard normal random variable. The quantile x, may be obtained from w, by
using the relationship

(2) X, =w+ow,

Similarly, w, may be obtained from x, with the aid of the relationship

(3) w, = %

Example 3. Let X be a random variable with the standard normal distribu-
tion. To find the probability that X will not exceed 1.42, Table Al is used.
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From Table Al we see that
P(X=1.4187)=.922

and
P(X =1.4255)=.923
Therefore, as an approximation, we may either interpolate to get an approxi-

mate probability
P(X=1.42)=.9222

or we may simply use the number closest to 1.42 to obtain

P(X=1.42)=.922

Example 4. Let X be the IQ of a person selected at random from a large
group of people; assume that X has the normal distribution with mean 100
and standard deviation 15.

Suppose we want to find the probability that X will exceed 125. We have

P(X>125)=1-P(X=125)

so it suffices to find P(X =125). The quantile w,, of the standard normal
random variable, corresponding to the quantile x, =125 is found from
Equation 3.

_125-100
15
=1.67

From Table Al we see that if w, =1.67, p=.95. Therefore 125 is the .95
quantile of X.

P(X=125)=.95
P(X>125)=.05

The desired probability is .05.
To find the upper 1 percentile, called the 99th percentile, we want to find
the number x 49, Where

P(X=x99)=.99

Since, from Table Al, w o= 2.3263, x o, may be found from Equation 2 to
be

Xo99= [t OWgo
=100+15(2.3263)
=134.9
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Therefore the probability of the randomly selected person having an IQ less
than 135 is about .99.

Example S. A railroad company has observed over a period of time that the
number X of people taking a certain train seems to follow a normal
distribution with mean 540 and standard deviation 32. How many seats
should the company provide on the train if it wants to be 95% certain that
everyone will have a seat?

We wish to find the 95th percentile. From Equation 2 we have that

Xos=p+OWges
=540+32(1.6449)
=592.6

where w o5 is obtained from Table A1l. The company needs 593 seats on the
train so that they can be 95% certain that there will be enough seats for
everyone on any one run of that train.

In Example 5 the random variable X is actually a discrete random variable
that assumes only the nonnegative integers as values. Therefore X cannot
possibly have a normal distribution. The normal approximation to the distribu-
tion of X was used partly for convenience and partly out of necessity, because
a realistic discrete distribution might be difficult to formulate. In other prob-
lems a discrete distribution function that agrees well with the data may be
known, yet the normal approximation still might be used for ease in calcula-
tions. The validity of using the normal approximation usually depends on the
central limit theorem.

The so-called central limit theorem appears in many different forms. All
forms have in common the purpose of stating conditions under which the sum
of several random variables may be approximated by a normal random
variable. The theorem says that the distribution function of the sum of several
random variables approaches the normal distribution function, as the number
of random variables being added becomes large (i.e., goes to infinity), and
when certain other general conditions are met. These ‘‘other general condi-
tions” may be stated many different ways, giving rise to the many forms for the
central limit theorem. Although a thorough discussion of this theorem is well
beyond the scope of this book, frequent reference in this book to the use of the
theorem invites a brief attempt to dispel some of the mystery that might
otherwise build.

Theorem 2. (Central Limit Theorem) Let Y, be the sum of the n random
variables X;, X, . . ., X,, let w, be the mean of Y,, and let ;> be the variance of
Y,. As n, the number of random variables, goes to infinity, the distribution
function of the random variable

Yn K
o-n
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approaches the standard normal distribution function, if one of the following sets
of conditions holds.

~ Set A: The X, are independent and identically distributed, with ©> Var (X;) >
0 (Fisz, 1963, p. 197).
Set B: The X; are independent but not necessarily identically distributed, but

E(X?) exists for all i and satisfies certain conditions (Fisz, 1963, p.
203).

Set C: The X; are neither independent nor identically distributed, but represent
the successive drawings, without replacement, of values from a finite
population of size N, where N is greater than 2n. Also a condition
stated in Fisz (1963, p. 523) should be satisfied.

Some of the conditions that must be met for the central limit theorem to
apply are not stated here because they are somewhat mathematical and would
not add to the intuitive understanding of the theorem. A convenient reference
is given for the benefit of the interested reader.

‘When the central limit theorem is stated in terms of Set A, it is known as the
Lindeberg-Lévy theorem (Lindeberg, 1922, and Lévy, 1925). When the
theorem is stated with Set B conditions it is usually called the Lapunov
theorem (Lapunov, 1901). The theorem with conditions given by Set C was
proved by Erdos and Rényi (1959).

In practice, the number of random variables summed never goes to infinity.
But the value of the central limit theorem is that in situations where the
theorem holds, the normal approximation is usually considered to be “reasona-
bly good” as long as n is “large.” The terms “reasonably good” and ‘large”
are subjective terms; therefore much latitude exists in the practice of using the
normal approximation.

A useful illustration of a situation where the Set A conditions hold is
presented in Example 6.

Example 6. Let Y, be a random variable with the binomial distribution
(Definition 1.3.5) with mean np and variance npq (Theorem 1.4.4). Then Y,
may be regarded as the sum of n independent random variables, each with
the binomial distribution where n equals 1 (Example 1.4.12). Since these
other random variables have a variance of pq, which is greater than zero for
0<p<1, the Set A of conditions holds. For large n, the random variable

Y,—np
vnpq

is distributed approximately the same as a standard normal random variable.
This is equivalent to saying that for large n, the distribution function of Y,
may be approximated by the normal distribution with mean np and variance
npq (Theorem 1).
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The conditions given by set C are met in Example 7, which will be useful to
us in Chapter 5.

Example 7. consider the sampling scheme where n integers are selected at
random, without replacement, from the first N integers, 1 to N. Let X; be
the ith integer selected, and let

Y, =X, +X,+ - +X,

be the sum of the integers selected. For large n and large N and n <NJ2, the
set C conditions hold and the distribution function of

n(N+1)
hC—
(n(N+ 1)(N - n)>%
12

(Theorem 1.4.5) may be approximated by the standard normal distribution
function. In other words, the distribution function of Y, may be approxi-
mated by the normal distribution function with mean n(N+1)/2 and var-
iance n(N+ 1)(N—n)/12 (Theorem 1).

The widespread applicability of the central limit theorem makes it a very
useful theorem. Since it justifies to some extent the use of the normal
approximation, the normal distribution is a valuable distribution. Other distribu-
tions that are related to the normal distribution also become important, such as
the chi-square distribution.

In the following definition, the chi-square distribution function is given using
the “integral” notation of calculus and the ‘“gamma function” I'(k/2). This
notation needs no explanation or even understanding because the tabulated
values of the chi-square distribution function, given in Table A2, will be used
whenever values of the distribution function are needed. A more extensive
table is given by Harter (1964). A convenient nomogram is provided by Boyd
(1965).

Definition 4. A random variable X has the chi-square distribution with k
degrees of freedom if the distribution function of X is given by

4 F(x)=P(X ey itx>0
= < = — >

@ 0)=PX=n)= [ Lo Sray ifx
=0 if x=0

The distribution function Equation 4 shows that a chi-square random vari-
able may assume only nonnegative values, since F(x)= 0 for negative values of
x. The degrees of freedom, k, is merely a parameter. The values of k are
usually restricted to the integers 1, 2, 3, and so forth. For different values of
the parameter k, the distribution functions are different also. Table A2 gives
some selected quantiles of a chi-square random variable, for k=1, 2, 3, up to
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30, and for some values of k greater than 30. For k greater than 100 the
central limit theorem may be used to obtain approximate quantiles, which will
be justified later in this section.

It is shown in most introductory books on mathematical statistics that if X is
a random variable with the chi-square distribution with k degrees of freedom,
the mean and variance of X are given by

(5) E(X)=k
(6) Var (X) =2k
The following theorem is proved in Freund (1962, p. 194).

Theorem 3. Let X, X,, ..., X, be k independent and identically distributed
standard normal random variables. Let Y be the sum of the squares of the X;.

(7N Y = X2+ X%+ + X2
Then Y has the chi-square distribution with k degrees of freedom.

Example 8. A child psychologist asks each of 100 children to tell which of
two trucks they would rather play with. The two trucks are identical in all
respects, except that one is red and the other is green. The psychologist is
interested in knowing whether children have a color preference.

Forty-two children selected the green truck, and the other 58 chose the
red truck. In the model “no preference” is assumed, so the random variable
X, equal to the number of children who selected the green truck,
should have the binomial distribution with mean np=50 and variance
npq = 25. The normal approximation to the distribution function of X seems
appropriate, so

X-50

5

is considered to be approximately the same as a standard normal random
variable. However, the psychologist is interested in determining differences
in either direction; that is she wants to know whether X is much smaller than
50 as well as whether X is much larger than 50, so she uses the square of the
difference essentially, but actually examines the random variable

X —50\?
*:———
x=(557)

because it may be compared with a chi-square random variable with 1
degree of freedom. In this experiment X*=[(42—50)/5F, or 2.56. The
probability of getting a number smaller than 2.56, corresponding to a value
of X closer to 50, is found by interpolation in Table A2, k =1, to be about
.88. Therefore the psychologist concludes that there is some indication of a
color preference among the children. (More will be said concerning this
method of drawing a conclusion in later chapters.)
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In Example 8 the distribution function of the random variable (X —50)/5
was considered to be approximately equal to the standard normal distribution
function. Therefore the chi-square approximation, with 1 degree of freedom, was
used for the distribution of X*. The desired probability could have been found
by using both tails of the normal distribution function. That is,

X-50
5

P(X*s(—1.6)2)=P(—1.6< < +1.6>

The probability on the left, found from Table A2, should equal the probability
on the right, obtained from Table Al. The only difference between the two
probabilities results from using interpolation in the two tables. If more than 1
degree of freedom is involved, then Table A1l may not be used as an
alternative to Table A2.

Example 9. In continuation of the experiment described in Example 8, the
psychologist obtains two toy telephones, identical except that one is white
and the other is blue. She asks each of 25 children to choose one to play with.
Seventeen children chose the white telephone, and the other 8 preferred the
blue telephone. Let Y be the random variable equal to the number of
children selecting the white telephone. Since

Y- np_ Y —(1/2)(25)
Vnpq 52

is approximately a standard normal random variable under the assumption of
no color preference, the random variable

- (£t

may be compared with a chi-square random variable with one degree of
freedom. Since Y=17, Y*=3.24. The probability of a chi-square random
variable with 1 degree of freedom being less than 3.24 is found from Table
A2 to equal about .92, using interpolation. Therefore, if the assumption that
each toy was equally likely to be chosen is in fact true, such a large deviation
from the expected value of 12.5 would occur only about 8% of the time.

Since the experiment in Example 8 and this one were designed for the
same purpose, it would seem desirable to be able to combine the results in
some way. If X* and Y* may be considered as independent random
variables, a reasonable consideration here, Theorem 3 may be used to
combine X* and Y* as

W=X*+Y*
and the distribution function of W may be approximated by the chi-square
distribution function with 2 degrees of freedom. Then

W=2.56+3.24
=5.80
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The probability of a chi-square random variable with two degrees of freedom
being greater than 5.80 is only about .06, which was obtained by interpola-
tion in Table A2.

In this example more information concerning the presence of color prefer-
ence among children was obtained by combining the information gained in
the two studies.

It should be noted that if Y had been defined as the number of children
preferring the blue telephone, instead of the way Y was defined in this
example, Y* would still have the same value, because the deviation of Y
from the mean was squared, eliminating the directional influence of the
difference.

In Example 9, two approximate chi-square random variables were added,
and their sum was an approximate chi-square random variable with 2 degrees
of freedom. This method of combining independent chi-square random vari-
ables is valid in general. More discussion of this method is given by Radhad-
rishna (1965) and Nelson (1966).

The following theorem may be found in Freund (1962, p. 194).

Theorem 4. Let X,,X,,...,X, be independent chi-square random variables
with ky, ks, . .., k, degrees of freedom, respectively. Let Y equal the sum of the
X;. Then Y is a chi-square random variable with k degrees of freedom, where

k=k1+k2+"'+kn

Theorem 4 will be used later in this book to approximate the distribution
function of the sum of several random variables, where the random variables
may be assumed to be independent and to be distributed approximately as
chi-square random variables.

Since a chi-square random variable with k degrees of freedom may be
considered to be the sum of k independent and identically distributed random
variables, each having the chi-square distribution with 1 degree of freedom, the
set A conditions on the central limit theorem are met. The mean and variance
of a chi-square random variable with k degrees of freedom are given by
Equations 5 and 6 to be k and 2k, respectively. Therefore, if Y is a chi-square
random variable with k degrees of freedom, the distribution function of

Y-k
(8 z r

may be approximated by the standard normal distribution function. From
Theorem 1, if x, is a quantile from Table Al, the quantile y, for Table A2 may
be approximated, for large k, by

9) Y, =k ++v2k x,
This is not as good as the approximations

(10) Yo =5(x, +v2k—1)?
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given at the bottom of Table A2.

EXERCISES

1.

w

5

.

Let X be a standard normal random variable. Find

(a) P(X=0). (b) P(X=1.96).

(c) P(X>1). d) P-1<X<1).

(e) P(-4<X<0). (f) the upper quartile of X.

Let X be a normal random variable with mean 0.5 and standard deviation 3. Find
(a) P(X=0). (b) P(X=1).

() P(X>-0.5). d) P(-1<X<1).

(e) The median of X. (f) The upper quartile of X.

Suppose that X is the amount of time (in minutes) it takes a certain high school
athlete to run 1 mile. Assume that X has a normal distribution with mean 4.30
and standard deviation 0.05. What is the probability that the athlete will break the
school record of 4.15 minutes at the annual track meet?

Let X be the number of policyholders who make at least one claim to a large
insurance company. Assume that there are 2000 policyholders and that each one
has probability .2 of making at least one claim during the year. What is the
probability that no more than 500 policyholders will make claims during any given
year?

If the distribution of weights of a certain class of individuals is approximately
normal, with mean 160 and variance 400, how high should a set of bathroom
scales be calibrated so that about 99% of the people will be able to weigh
themselves?

If Y is a binomial random variable with parameters n=60, p=.5, find the
probability that the random variable

(Y -np)®
np(1-p)
will exceed 5.

Let X be a chi-square random variable with k degrees of freedom. Find

(a) The .95 quantile of X, if k =4.

(b) The .95 quantile of X, if k=8.

(c) The .99 quantile of X, if k =200.

If X, Y, and Z are independent chi-square random variables with 3, 2, and 3
degrees of freedom, respectively, find the probability that W will exceed 15,
where W=X+Y+Z.
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PROBLEMS

1.

1.6.

=

Let Z be a chi-square random variable with 100 degrees of freedom. Compare the
approximations for the .95 quantile of X obtained using Equations 9, 10, and 11,
with the exact value obtained from Table A2.

Let X be a binomial random variable with parameters n =100, p =.3. Estimate
P(20=X=40)
using Tables Al and A2.

REVIEW PROBLEMS FOR CHAPTER 1

A customer is equally likely to select each of six product brands, labeled “brand
one,” and so forth. Let X equal the brand number selected. Let Y equal 3 if one
of the first three brands is selected and 6 if one of the last three is selected. Let Z
equal 1 if the brand number is even and 2 if the brand number is odd.

(a) List the points in the sample space.

(b) Describe the probability function on the sample space.

(c) What is the name of the distribution of X?

(d) Find the interquartile range of Y.

(e) Find the variance of Z.

(f) Find the covariance of X and Z.

(g) Are Y and Z independent?

Twelve diamonds are ranked from 1 to 12 according to quality. Three diamonds

are selected at random without replacement from the 12. Let X equal the sum of

the ranks of the 3 diamonds.

(a) How many points are in the sample space?

(b) Decribe any one point in the sample space.

(c) Find P(X=3).

(d) If f(x) is the probability function of X, find f(10).

(e) If F(x) is the distribution function of X, find F(10).

(f) Use the central limit theorem to approximate F(10) and compare this approxi-
mation with the exact value found in part e.

3. The top 10 students in a large high school graduation class are ranked from 1

(best) to 10 (tenth best). Assume that each rank is equally likely to be assigned to
a male student or a female student. Let X equal the sum of the ranks (from 1 to
10) that are assigned to female students; that is if all of the top 10 students are
girls, X=1+2+---+10=55.

(a) How many points are in the sample space?

(b) Describe one point in the sample space.

(c) Describe the probability function on the sample space.

(d) Find P(X=0).

(e) Find P(X=1).

(f) If f(x) is the probability function of X, find f(3).

(g) If F(x) is the distribution function of X, find F(3).
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4. About 51% of all human births are female and 49% are male. In a family with five

children:

(a) What is the expected number of girls?

(b) What is the median number of girls?

(c) What is the probability that there are four boys and one girl?

(d) What is the most likely distribution of boys and girls?

(e) What additional assumptions did you need to make in order to answer these
questions?

5. Consider two independent rolls of a balanced die. Let X be the average number of
spots (i.e., X = (X;+X,)/2 where X, and X, are the number of spots on rolls 1
and 2).

(a) Find the probability that X = 2.

(b) Draw a bar graph of the entire probability distribution of X.

(c) Draw a graph of the distribution function of X.

(d) Find the mean and variance of X.

(e) Find the exact value of F(3).

(f) Find an approximate value of F(3) using the central limit theorem and
compare it with part e.

6. Assume that about 10% of the people who make airline reservations on a
particular flight do not show up for the flight. In order to accommodate as many
people as possible, airlines customarily make more reservations than the airplane
will hold because of the people who do not show. If the airplane holds 100
passengers, how many reservations can the airline make and still be 90% sure that
everyone who has reservations can be accommodated?




CHAPTER 2

Statistical Inference

PRELIMINARY REMARKS

The concepts of probability theory introduced in the previous chapter do not
cover the entire field of probability theory. But this small glimpse into the area
of probability theory is all that we need to understand the basic principles
behind most of the nonparametric methods that we use. We now bridge the
gap between probability theory and its application to data analysis. In this
chapter we introduce concepts of the basic science for data analysis called
statistics.

The field of statistics owes many, if not most, of its significant ideas to people
in the applied sciences who had difficult questions concerning their data. These
people all had some mathematical ability, some training in mathematics, and a
great deal of common sense. Their ideas gradually evolved into a few basic
concepts that we present in this chapter.

2.1. POPULATIONS, SAMPLES, AND STATISTICS

Much of our knowledge concerning the world we live in is the result of
samples. We eat at a restaurant once and we form an opinion concerning the
quality of the food and service at that restaurant. We know 12 people from
England and we feel we know the English people. Quite often the opinions we
form from the sample are not accurate. However, in most cases, the opinions
are more accurate than if no sample had been observed. And usually the larger
the sample, the more accurate the opinion.

Our process of forming opinions may be placed within the framework of an

60
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investigation. To investigate the quality of a restaurant, we eat there once. To
investigate (or study) the English people, we recall our experiences with
English people.

We will refer to the collection of all elements under investigation as the
population. A sample is a collection of some elements of a population.
Scientific investigations are often concerned with obtaining information about
some population. Suppose a psychologist wishes to study the effect of con-
stantly interrupted sleep on the emotional balance of a person. He might
consider the population to be all human beings of contemporary times. To
conduct his experiment, he uses paid volunteers, obtained through an ad in a
college newspaper. He can hardly consider his subjects to be representative of
the population because they are all college students, at one university, in a
rather restricted age group, and possessing an emotional makeup that prompts
them to reply to an ad in a newspaper and volunteer for a somewhat personal
study. And yet he is forced to use this type of sample for his experiment for
practical reasons such as limited funds and limited time available for research
or to abandon his experiment entirely. Thus it is advisable to speak of two
populations: the population under investigation and the population actually
sampled. The population about which information is wanted is called the target
population. The population to be sampled is called the sampled population. Our
example considered all contemporary human beings as the target population
and all human beings who responded to the ad as the sampled population. All
experimenters must necessarily work with the sampled population, and the
validity of their experiment rests on the assumption that the sampled popula-
tion is similar to the target population, at least with respect to the properties
under investigation.

In order to obtain accurate information about a population, it would seem
desirable to examine every element in that population. Usually this is impossi-
ble or impractical, so only a sample from that population is observed. The
sample may consist of those elements that are easily accessible, such as the
citizens of England who are known to the observer. The sample may consist of
a haphazard selection of elements from the population, such as the names of
people obtained from a mailing list. Perhaps only “typical” elements of the
population are selected for study; that is, elements that seem to be average or
nearly average. Experimentation that involves discomfort or inconvenience
often relies on a sample of volunteers. None of these four methods of obtaining
a sample permits the use of statistical techniques to aid in making inferences
about the population, because they do not result in a random sample. Usually
we assume that the sample is random even if it is not, but it is much better
actually to have a random sample. A random sample may be obtained by
numbering all of the elements of the population from 1 to N and then drawing
n numbers in a random manner. The n numbers drawn correspond to the n
elements in the population that are to be included in the sample. The statistical
methods presented in this book usually assume that the sample is a random
sample, so it is important to discuss the idea of a random sample.
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If the population has a finite number of elements, the following definition of
random sample is appropriate.

Definition 1. A sample from a finite population is a random sample if each of
the possible samples was equally likely to be obtained.

The definition may seem a little strange in that the term “random’ does not
really refer to the sample itself but to the method by which the sample was
obtained. In fact, we cannot look at a sample to see if it is a random sample or
not. Instead, we look at the means by which the sample is obtained. If the finite

population has N elements total, then, as seen in Section 1.1, there are <N)
n

possible samples of size n if the sample is obtained without replacement. If the
sampling is with replacement, there are N" possible samples. If each of these
possible samples is equally likely to be obtained, the method of sampling is
considered to be random, and the resulting sample is a random sample.

The preceding definition of a random sample seems to be satisfactory for
most situations where the population is finite. But suppose we are examining
the number of dreams a certain individual has in one night. We think of a
“random sample” in this case as the number of dreams she has in one night
and the number she has another night, and so on for, say, seven nights. Even
under ideal conditions the sampling method does not fit into the framework of
Definition 1, with a concept of “equally likely.” What is equally likely? Not the
individual, because presumably we are studying only the individual, not a
representative of some population (although this may be the ultimate objective
in the back of our minds). Are we to select the nights for study in some equally
likely fashion out of the remaining nights that the individual can expect to be
alive? Clearly this is impossible. We may conclude that at least one more
definition of random sample is needed.

The definition of random sample, which is standard among mathematical
statisticians, is the following.

Definition 2. A random sample of size n is a sequence of n independent and
identically distributed random variables X;, X,, ..., X.

This definition requires an explanation. First, what we call a random sample
in Definition 2 is called a simple random sample by many authors. We will not
make a distinction between the two expressions.

Second, each random variable in Definition 2 may actually be a multivariate
random variable. That is, X; may really represent the k-variate random
variable (Y;;, Yi,, ..., Yi), where the X;s are still independent and identically
distributed but where the individual Y; random variables within each X; may
or may not be independent and/or identically distributed. As an example,
consider the ‘“dream” experiment just described. The random variable X
could be the number of dreams counted during the ith night of observation.
Then it may not be too unreasonable to assume that the X;s are independent,
as defined by Definition 1.3.11, and identically distributed (meaning each X;
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has the same distribution function). But suppose that each night the experi-
menter records not only the total number of dreams but also the total amount
of sleep, which we will call Y;; and Y;,, respectively. The number of dreams
and the length of sleep during any one night may be related variables, so Y;;
and Y;, are probably not independent. However, the sleep pattern on one
night may be independent of the sleep pattern on another night. Mathemati-
cally, this means that the joint probability function of Y;;, Y;,, Y;;, Y;, may be
factored as follows

1) f(¥i1s Yizs Vit ¥i2) = f1(¥i1 yi2)f2(yj1’ yiz)

where f; and f, are the joint probability functions of (Y;;, Y;,) and (Y4, Y,),
respectively. If the joint probability distribution of the sleep patterns does not
change from one night to the next, f; is identical with f,, and we say that
(Y:1, Yio) and (Y;4, Y},) are identically distributed. A more convenient method
of expressing the facts of “between” independence but not necessarily ““within”
independence and ‘“between” identical distributions but not necessarily
“within” identical distributions is to let X; represent both Y;; and Y;, jointly.
X; is called a bivariate random variable, and a value of X; actually consists of
two numbers, one for Y;; and one for Y;,. Then all of the prior statements may
be summarized by saying, “The X;s are independent and identically dis-
tributed.”

Similarly, we may consider k measurements being taken each night, and the
resulting k random variables Y;q, Yi,, ..., Yy being represented by X,, which
is called a k-variate random variable, or also a multivariate random variable.
Then independence of the X;s, in the sense of Definition 1.3.11, means that
the joint probability distribution of all of the Yj;s may be factored into the
product of n joint probability functions, each being the joint probability
function of Y;y, Yi5, ..., Yy for some i. Identically distributed X;s means that
the joint probability functions just mentioned are identical functions.

The third point of explanation concerning Definition 2 is that even though a
random variable is a function that assigns real numbers to the outcomes of the
experiment (Definition 1.3.1), complete knowledge of those real numbers is
not always necessary in order to use nonparametric statistical methods. This is
particularly nice when complete knowledge of those real numbers is not
available. An experimental subject who has performed four tasks can usually
arrange the tasks in order, from “most difficult” to “least difficult.” However, it
may be unrealistic for the subject to assign a number to the task where the
number represents degree of difficulty. Yet we might speak of the random
variable X as measuring degree of difficulty. The random variables that
constitute the random sample may be of this type. More will be said concerning
various types of measurements later in this section.

We now have two definitions of random sample. The first definition applies
only to samples from a finite population and may be directly related to the
sample space. If each possible sample (of size n) is represented by one point in
the sample space and if each point in the sample space has equal probability of
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being selected as the sample, the sampling method is random and the resulting
sample is a random sample. The concepts of sample space and probability
function are used in that definition, but there is no mention, explicit or implicit,
of a random variable.

Example 1. A psychologist would like to obtain four subjects for individual
training and examination. He advertises and 20 volunteers respond. He has
several ways of selecting a sample of 4 from his sampled population of size
20.

He might select the first 4 to volunteer. Thus he may be biasing his
selection toward those volunteers who tend to be more prompt or aggressive.
This is probably not a random sample.

He might adhere strictly to Definition 1 and consider that there are

(240)=4845 ways in which a sample of size 4 may be selected. Then he

obtains 4845 pieces of paper that are identical and writes 4 names on each
piece of paper, a different combination each time, and puts them in a basket.
One slip is randomly drawn, and those 4 people are used. This is a random
sample, but such a psychologist would need a psychiatrist.

Another way of obtaining a random sample would be to write each of the
names on a slip of paper, 20 slips in all, and one by one draw 4 slips in some
random manner, such as from a hat. This method also satisfies the definition
of a random sample.

The second definition of random sample is concerned directly with random
variables and does not mention the sample space. However, since a random
variable is a function defined on a sample space, a sample space is implicitly
involved, although it remains in the background. Also, as mentioned in Section
1.3, the set of possible values of a random variable resembles a sample space.
At times it will be necessary to list the points in this pseudo sample space in
order to solve statistical problems that may arise. In fact, often no confusion
will result if the possible measurements themselves (the values assumed by the
random variables) are considered to be the points in the sample space. We
usually think of these measurements as being numbers, but sometimes the
numerical values of the measurements are obscure, as stated earlier in this
section. So it would be well to discuss the various types of measurements.

The types of measurements are usually called measurement scales and are
discussed at some length in various publications, including in an excellent paper
by Stevens (1946). We will proceed from the ‘“‘weakest” scale of measurement,
the nominal scale, through the ordinal scale and the interval scale to the
“strongest’ scale, the ratio scale.

The nominal scale of measurement uses numbers merely as a means of
separating the properties or elements into different classes or categories. The
number assigned to the observation serves only as a ‘““name”’ for the category to
which the observation belongs, hence the title “nominal.” We used the nominal
scale of measurement when we defined a random variable that equaled 1 if a
coin landed as a “head,” and 0 if the coin landed as a “tail.” We could, just as
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appropriately, have used the numbers 7.3 and 3.9 to represent head and tail,
respectively. Our choice of 1 and 0 was primarily for convenience when we
later desired to count the total number of heads in several tosses of the coin.
When 12 subjects are arbitrarily numbered 1 to 12, a nominal scale of
measurement is being used and the assignment of the numbers is a form of
random variable. When classifying objects according to color, the categories
may be labeled 1, 2, 3, or blue, yellow, red, or A, B, C. The numbers are
merely category names. The numbers may be replaced by other unused
numbers, as long as the categories remain intact.

The ordinal scale of measurement refers to measurements where only the
comparisons ‘‘greater,” “less,” or “‘equal”’ between measurements are relevant.
The numeric value of the measurement is used only as a means of arranging
the elements being measured in order, from the smallest to the largest. It is this
need to order the elements, on the basis of the relative size of their measure-
ments, that gives the name to the ordinal scale. If some of the elements have
equal measurements, we say ties exist, and the ordering is no longer unique.
For many statistical analyses a unique ordering is desired, so it is advisable to
exercise sufficient care in measurement so that the number of ties is minimized
wherever possible. When a person is asked to assign the number 1 to the most
preferred of three brands, the number 3 to the least preferred, and the number
2 to the remaining brand, she is using an ordinal scale of measurement and is
using the numbers merely as a convenient way of representing her order of
preferences. Instead of the numbers 1, 2, 3, she could have used any three
numbers, say 16, 20, 75, as long as the numbers are assigned to the brands in
such a way that the relative order of the number represents the relative
preference of the brand.

The third scale, the interval scale of measurement, considers as pertinent
information not only the relative order of the measurements as in the ordinal
scale but also the size of the interval between measurements, that is, the size of
the difference (in a subtraction sense) between two measurements. The interval
scale involves the concept of a unit distance, and the distance between any two
measurements may be expressed as some number of units. A good example is
the scale by which we usually represent temperature. One unit (degree)
increase in temperature is defined by a particular change in volume of mercury
in a thermometer; consequently, the difference between any two temperatures
may be measured in units, or degrees. The actual numerical value of the
temperature is merely a comparison with an arbitrary point called ‘“‘zero
degrees.” The interval scale of measurement requires a zero point as well as a
unit distance (it is not possible to have the latter without the former), but it is
not important which measurement is declared to be zero or which distance is
defined to be the unit distance. Temperature has been measured quite ade-
quately for some time by both the Fahrenheit and the Centigrade scales, which
have different zero temperatures and different definitions of 1 degree, or unit.
The principle of interval measurement is not violated by a change in scale or
location or both.

Finally, the ratio scale of measurement is used when not only the order and
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interval size are important, but also the ratio between two measurements is
meaningful. If it is reasonable to speak of one quantity being “twice’ another
quantity, . the ratio scale is appropriate for the measurement, such as when
measuring crop yields, distances, weights, heights, income, and so on. Actually,
the only distinction between the ratio scale and the interval scale is that the
ratio scale has a natural measurement that is called zero, while the zero
measurement is defined arbitrarily in the interval scale. As in the interval scale,
the unit distance of the ratio scale is arbitrarily defined.

It is not possible to look at the measurements themselves in order to tell
which scale of measurement is appropriate. Instead, one looks at the quantities
being measured and the method of measurement and then determines the
amount of meaning that may be attached to the numeric value of the measure-
ment.

Most of the usual parametric statistical methods require an interval (or
stronger) scale of measurement. Most nonparametric methods assume either
the nominal scale or the ordinal scale to be appropriate. Of course, each scale
of measurement has all of the properties of the weaker measurement scales;
therefore statistical methods requiring only a weaker scale may be used with
the stronger scales also.

Thus far in this section we have been concerned with populations, samples
from populations, and measurement scales for measuring sample properties of
interest. Measurement scales relate to random variables, because a system for
measuring elements of the sample is in reality a random variable. Therefore
measurement scales relate to statistics, because a statistic is a random variable.
To a mathematical statistician the term ‘‘statistic” is interchangeable with the
term ‘“‘random variable.” But popular usage of the word statistic indicates that
it is more than just a random variable.

The word statistic originally referred to numbers published by the state,
where the numbers were the result of a summarization of data collected by the
government. Thus some people think of a statistic as a number that is based on
several numbers, such as the average of several numbers in a sample, the
proportion of a population that is in a particular category, and so on. In this
sense a statistic is just a number. However, if we stop to consider that the
numbers being averaged may vary from one sample to the next or that the
population may change from one year to the next, we can justify extending our
idea of a statistic from being only a number to being a rule for finding the
number. Then “the average of the numbers in the sample” is the statistic, and
the actual average obtained in one sample is a value of the statistic. As a rule
for obtaining a number, a statistic meets the requirements of being a random
variable, a function that assigns numbers to the points in the sample space (for
an appropriately defined sample space). A statistic also conveys the idea of a
summarization of data, so usually a statistic is considered to be a random
variable that is a function of several other random variables. Then a value
assumed by the statistic is implicitly assumed to be the result of some
arithmetic operations performed on other numbers (the data) that, in turn, are
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the values assumed by several random variables. Since a random variable is a
function defined on a sample space, a statistic may be defined as a function
defined on a special sample space, a sample space whose points are the possible
values of an' n-variate random variable. A formal definition and an example
may clarify the concept.

Definition 3. A statistic is a function which assigns real numbers to the points
of a sample space, where the points of the sample space are possible values
of some multivariate random variable. In other words, a statistic is a
function of several random variables.

Each sentence in Definition 3 would suffice as a definition of statistic. Both
sentences are included for clarity.

Example 2. Let X, X,, ..., X, represent test scores of n students. Then
each X; is a random variable. Let W equal the average of the test scores.

=X1+X2+ cee +Xn=lz": X
noy

(2 w

Then W is a statistic. If X, =76, X, =284, and X;= 85 represent the scores
of three students, W = (1/3)(76 + 84+ 85) = 81%. The statistic W satisfies the
second sentence in Definition 3 by being a function of the random variables
X,, X,,..., and X, the first sentence in Definition 3 is also satisfied
because W assigns real numbers to the values of the multivariate random
variable (X, X,,...,X,). In this case, if (X;, X5, X5) assumes the mul-
tivariate value (76, 84, 85), W assumes the value 813, as shown. This
particular statistic is used often in statistics (the science). It is called the
“sample mean” and will be discussed further in the next section.

We will often have occasion to use a particular class of statistics called order
statistics, particularly when we are dealing with ordinal-type measurements.
Suppose an observation (x;, X, ..., X,) on a multivariate random variable
(X4, Xs, . .., X,) is “ordered”; that is, the elements are arranged from smallest
to largest. We will denote the ordered observation by xP=x®=-.-=x™.

Definition 4. The order statistic of rank k, X®, is the statistic that takes as its
value the kth smallest element x* in each observation (x4, x5, ..., X,) of
(Xl’ X2: s Xn)'

Therefore X®, the order statistic of rank 1, always takes the smallest
element in (x4, X,, . . ., X,) as its value, and X™ takes the largest. In Example
2, XV =76, X®=84, and X®=285. If another observation on (X;, X;, X3)
yields (93, 73, 81), the values of the order statistics are X =73, X® =81, and
X®=93. If (Xy,X5,...,X,) is a random sample, sometimes (X¥=X® =<

-+ =X™) is called the ordered random sample.

Section 2.2 introduces many other useful statistics. There we will further
discuss some uses of statistics in the analysis of experimental results.
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EXERCISES

1. A congressional committee wishes to examine the effect of proposed legislation on

the nation’s high schools. It randomly selects five high schools from the Washing-

ton, D.C. area and conducts a study on those five schools.

(a) What is the target population?

(b) What is the sampled population?

(c) If there are 100 high schools in the Washington, D.C. area, how many
different samples are possible?

(d) What is the probability of each sample in part c?

2. A Topeka television station asks the question ‘“Should liquor by the drink be

allowed in Kansas” and reports 372 phone calls, in which 164 persons said ‘“‘no”

and the remainder said “‘yes.”

(a) What was the target population?

(b) What was the sampled population?

(c) Was the sample a random sample? Explain.

(d) Three statistics are indicated in this exercise. What are they, and what
numerical values did they assume?

(e) What measurement scale is used in the voting counts?

(f) What measurement scale is used in registering each phone call as a “yes” or
“no”?

3. A certain track meet awards a trophy to the team that accumulates the most

points. A team receives 5, 3, or 1 points each time a member of that team finishes
first, second, or third, respectively, in competition.

(a) What measurement scale is used in awarding points?

(b) Which statistic is (implicitly) mentioned, and what is it used for?

4. Football players on a team wear numbers on their uniforms. What measurement

scale do those numbers represent?

5. What measurement scale is used in the following?

(a) Postal zip codes.

(b) Local telephone numbers.
(c) Telephone area codes.
(d) Social security numbers.

6. What measurement scale is used in the following?

(a) Monthly salary.

(b) Gallons measured on a gasoline pump.
(c) The price of coffee per pound.

(d) Intelligence as measured by IQ scores.

7. In order to select a law firm at random, a list of all lawyers of that city was

obtained, and a lawyer was selected at random. The law firm to which that lawyer
belonged was the selection. Was the law firm selected at random?

8. In order to estimate the number of people watching various TV shows, the

following procedure is used. A random sample of 2200 households is obtained.
These households must agree to have their TV sets connected to an electronic
device that keeps track of the programs watched for more than 8 minutes.

(a) What was the target population?

(b) What was the sampled population?

(c) Comment on the accuracy of the results.
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PROBLEMS

1. An experiment consists of n rolls of an unbalanced die. Let X; be the number of
spots showing on the ith roll. Does X;, X, . . ., X, constitute a random sample?
2. A random sample of size 4 is to be selected from among the integers 1 to 7,
without replacement.
(a) What is the total number of possible samples?
(b) What is the probability of each sample?
(c) What is the probability that the sample has at least one odd number?
(d) What is the probability that the numbers in the sample sum to 12?
3. A random sample of size n is selected from among the integers 1 to N, without
replacement. What is the probability that the sample has at least one odd number?

2.2. ESTIMATION

One of the primary purposes of a statistic is to estimate unknown properties
of the population. The unknown properties that may be estimated are neces-
sarily numerical and include items such as unknown proportions, means,
probabilities, and so on. Actually, the estimate is based on a sample, a random
sample if probability statements are to be made, and the estimate is an
educated guess concerning some unknown property of the probability distribu-
tion of a random variable, where that random variable represents some
quantity of interest in the population. For example, we might use the propor-
tion of defective items in a sample of radio tubes as a statistic to estimate the
unknown proportion of defective radio tubes in some population of radio
tubes. A statistic that is used to estimate is called, quite naturally, an estimator.
In this section we will discuss estimators such as the sample mean, the sample
variance, and the sample quantiles. But first we will introduce the empirical
distribution function, an estimator of a somewhat different kind.

The true distribution function of a random variable is almost never known.
Sometimes we make an educated guess as to the form of the distribution
function and use our guess as an approximation of the true distribution
function. One way of making a good guess is by observing several values of the
random variable and constructing a graph S(x) that may be used as an estimate
of the entire unknown distribution function F(x) of the random variable. The
method of constructing the graph is best explained by an example, which
follows this definition.

Definition 1. Let X;, X5, ..., X, be a random sample. The empirical distribu-
tion function S(x) is a function of x, which equals the fraction of X;s
that are less than or equal to x for each x, —o<x <o,

Example 1. In a physical fitness study five boys were selected at random
from the boys in a certain high school. They were asked to run a mile, and
the time it took each of them to run the mile was recorded. The times
(converted to fractions of a minute) were 6.23, 5.58, 7.06, 6.42, and 5.20,
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S (x)
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and they are represented on the horizontal axis in Figure 1. The empirical
distribution function S(x) is the number of sample values less than or equal
to x and, for this particular sample, is represented graphically in Figure 1.

As in Example 1, the empirical distribution function is always a step
function, where each step is of height 1/n and occurs only at the sample values.
The vertical lines in Figure 1 are not part of the empirical distribution function
but are included partly for appearance and partly for later convenience in
determining sample quantiles. As we look at the graph of the empirical
distribution function from left to right, we see that S(x) equals zero until x
equals the smallest value in the sample. Then S(x) takes a step of 1/n in height.
At each of the n sample values, S(x) rises in height another distance of 1/n. At
the largest of the sample values, S(x) reaches a height of 1.0 and remains 1.0
for all larger values of x. S(x) resembles a distribution function in that it is a
nondecreasing function that goes from zero to one in height. However, S(x) is
empirically (from a sample) determined and therefore its name.

Figure 1 represents merely one observation on S(x). Another sample would
have produced another and probably different graph of S(x). This points out
the random nature of S(x). In a sense it is a random variable but, since it is a
function and its observed values are entire graphs rather than single numbers,
S(x) is more properly called a random function. It is used as an estimator, since
it does a reasonably good job of estimating the distribution function of the
random variable, which we will call the population distribution function in
order to distinguish it from the empirical (or ‘“sample”) distribution function.

In a sense, the observed value of an empirical distribution function may be
considered a population distribution function. More precisely, an observed
value of S(x), based on the observations x;,X,,...,X, in the sample, is
identical to the distribution function of a random variable that may assume any
of the numbers xy, x,,...,x,, each with probability 1/n. The distribution
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function of such a random variable is a step function with jumps of height 1/n
at each of the n numbers x;, X, . . ., X,. We could find the mean, variance, and
quantiles of the random variable simply by using the definitions of Chapter 1.

Example 2. The random variable, which has a distribution function identical
to the function S(x) of Example 1, is the random variable X with the
following probability distribution.

P(X=5.20)=.2
P(X=5.58)=.2
P(X=6.23)=.2
P(X=6.42)=.2
P(X=17.06)=.2

The graph of the distribution function of X is the same as the graph in
Figure 1. The median of X is 6.23 by Definition 1.4.1. The mean of X, by
Definition 1.4.3, is given by

E(X) =), xf(x)

x

=(5.20)(.2) +(5.58)(.2) +(6.23)(.2) + (6.42)(.2)
+(7.06)(.2)
(1) =6.098

Similarly, the variance of X may be found from Definition 1.4.4,

Var (X)= ), (x— E(X))*f(x)
(2) =.424

The mean, variance, and quantiles obtained from the sample, as illustrated in
Example 2, will be called the sample mean, sample variance, and sample
quantiles to distinguish them from the true “population” mean, variance, and
quantiles. In the same way that the empirical distribution function serves as an
estimator of the population distribution function, the sample mean, variance,
and quantiles may be used as estimators of their population counterparts.

Definition 2. Let X;, X5, ..., X, be a random sample. The pth sample quantile
is that number Q, that satisfies the two conditions:
1. The fraction of the X;s that are less than Q, is =p.
2. The fraction of the X;s that exceed Q, is =1—p.

The sample quantile may be found from the empirical distribution function
in exactly the same way that the population quantile is obtained from the
population distribution function. The pth sample quantile is that value of x
where S(x) = p. If more than one number satisfies the condition that S(x)=p,
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we adopt the convention of using the average of the largest and the smallest
numbers that satisfy S(x)=p, as we did with the population quantiles. The
sample quantile Q, depends on the random sample for its values; therefore it is
a statistic. Note that for simplicity we have defined sample quantiles only for
random samples.

Example 3. Six married women were selected at random from among the
married women in a ladies’ civic club, and the number of children belonging
to each was recorded. These numbers were 0, 2, 1, 2, 3, 4. The empirical
distribution function is given in Figure 2. The sample median Qs is 2. The
sample quartiles Q,s and Qs are 1 and 3, respectively. The 1/3 sample
quantile Q,; is the average of 1 and 2 by our convention, which equals 1.5.
These numbers are our estimates of the unknown population quantiles.
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Figure 2

The sample mean and sample variance may be found in a simpler manner
than in Example 2 by noting that f(x) = 1/n in Equations 1 and 2, and may be
factored out of the summation. This leaves us with simpler computation
methods, which are given in the following definition.

Definition 3. Let X;, X, ..., X,, be a random sample. The sample mean X is
defined by
- o1&
(3) X==2 X
ni—q

The sample variance S? is defined by
(4) 2= ) (- X
i=1

which is equivalent to

™=

X?-X?

®) s2=1
n;

1

The sample standard deviation S is the square root of the sample variance.
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Example 4. In the random sample 0, 2, 1, 2, 3, 4 of Example 3 the sample
mean is

X=40+2+1+2+3+4)
(6) =2

and the sample variance is
S2=1(22+0+12+0+12+2?)
(7) =13

Therefore our estimate of the unknown mean is 2 and our estimate of the
unknown variance is 12.

The estimators introduced thus far provide a point estimate of the unknown
population quantity, with the possible exception of the empirical distribution
function. That is, our estimate of the unknown mean in the preceding example
was provided by the statement, “Our estimate of the mean is 2.” The single
point “2” is the estimate. It is usually preferred, but more difficult, to state the
estimate as follows, ‘“We are 95% confident that the unknown mean lies
between 1.3 and 2.7.” Such an estimate is called an interval estimate. An
interval estimator consists of two statistics, one for each end of the interval, and
the confidence coefficient, which is the probability that the interval estimator
will contain the unknown population quantity. The confidence coeflicient in the
preceding statement is .95. The interval estimator and the confidence coeffi-
cient together are usually called a confidence interval for the unknown quantity.

Point estimation is easy. To make a point estimate we need only to think of a
number, any number. However, some point estimators are much better than
others. Criteria for comparing point estimators, in order to determine which
estimator we prefer, may be found in almost any introductory text in probabil-
ity or statistics; we will not discuss them here.

In a sense, point estimation is always a nonparametric statistical method,
because no knowledge of the form of the unknown distribution function is
required in order to make a point estimate. This was shown by the examples in
this section, where point estimates were made without knowning anything
about the unknown distribution function.

It is more difficult to tell whether the methods of forming confidence
intervals are parametric or nonparametric. If no knowledge of the form of the
distribution function is required in order to find a confidence interval, that
method is clearly nonparametric. If the method requires that the unknown
distribution function be continuous, the method is still nonparametric. On the
other hand, if the method requires that the unknown distribution function be a
normal distribution function (see Definition 1.5.3), or some other specified
form, the method is parametric. Several nonparametric methods of forming
confidence intervals will be presented later, in Sections 3.1, 3.2, 5.1, 5.5, 5.7,
and 6.1.
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EXERCISES

1. Ten persons are selected at random from among all persons living in a particular

community. The taxable incomes for five of these persons in the previous calendar
year were $8600, $15,200, $16,200, $16,400, and $29,600; there was no income
for the other five people.

(a) Draw a graph of the empirical distribution function.

(b) Find the sample median income.

(c) Find the sample mean income.

(d) Find the sample variance.

(e) Find the sample standard deviation.

2. In five consecutive games a certain basketball team had scores of 73, 68, 86, 78,

and 65.

(a) Draw a graph of the empirical distribution function.
(b) Find the sample upper quartile.

(c) Find the sample interquartile range.

(d) Find the sample mean.

(e) Find the sample standard deviation.

3. Using the same procedure for finding point estimators used in this section, find a

point estimator for the probability P(Y <c) for a given number c, based on a
random sample X, X5, ..., X, with the same distribution function as Y. In other
words, if X, X,,..., X, is a random sample with the distribution function F(x),
estimate F(c). Use your estimator to estimate the probability that the score in the
next game will exceed 80 in Exercise 2.

4. Using the same procedure for finding point estimators used in this section, find a

point estimator for the range of a random variable. Will this sample range ever be
larger than the population range? Will it ever be smaller? Is the expected value of
the sample range smaller than the population range?

PROBLEMS

1. Since an estimator is a random variable, given enough information we should be

able to find the probability distribution of an estimator. Suppose a finite popula-

tion consists of four elements, with the respective measurements 4, 6, 7, and 10. A

random sample of size 2 is drawn without replacement from the population.

(a) How many possible random samples are there?

(b) List the possible samples.

(c) What is the probability of drawing each of the samples listed in part b?

(d) What is the sample median for each of the samples listed in part b?

(e) What is the probability of getting each of the sample medians listed in part d?

(f) Graph the distribution function of the sample median.

(g) Use the same procedure just outlined and obtain the probability function of
the sample range. '

2. A statistic is said to be an unbiased estimator of a population parameter if the

mean of the estimator equals the parameter.
(a) From Problem 1, find the mean of the sample median. Does this equal the
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population median? Is the sample median an unbiased estimator of the
population median?

(b) From Problem 1, find the mean of the sample range. Does this equal the
population range? Is the sample range an unbiased estimator of the population
range? (Compare with Exercise 4.)

2.3. HYPOTHESIS TESTING

Statistical inference has many forms. The form that has received the most
attention by the developers and users of nonparametric methods is called
hypothesis testing and is treated in this section and the next.

Hypothesis testing is the process of inferring from a sample whether or not
to accept a certain statement about the population. The statement itself is
called the hypothesis. Examples of hypotheses include statements such as
these.

1. Women are more likely than men to have automobile accidents.

2. Nursery school helps a child achieve better marks in elementary school.
3. The defendant is guilty.

4. Toothpaste A is more effective in preventing cavities than toothpaste B.

In each case the hypothesis is tested on the basis of the evidence contained in
the sample. The hypothesis is either rejected, meaning the evidence from the
sample casts enough doubt on the hypothesis for us to say with some degree of
confidence that the hypothesis is false, or accepted, meaning that it is not
rejected.

A test of a particular hypothesis may be very simple to perform. We may
observe a set of data related to the hypothesis, or a set of data not related to
the hypothesis, or perhaps no data at all, and arrive at a decision to accept or
reject the hypothesis, although that decision may be of doubtful value. How-
ever, the type of hypothesis test we will discuss is more properly called a
statistical hypothesis test, and the test procedure is well defined. Here is a brief
outline of the steps involved in such a test.

1. The hypotheses are stated in terms of the population.

2. A test statistic is selected.

3. A rule is made, in terms of possible values of the test statistic, for
deciding whether to accept or reject the hypothesis.

4. On the basis of a random sample from the population, the test statistic is
evaluated, and a decision is made to accept or reject the hypothesis.

A more precise description of the testing procedure follows Example 1.

Example 1. A certain machine manufactures parts. The machine is con-
sidered to be operating properly if 5% or less of the manufactured parts are
defective. If more than 5% of the parts are defective the machine needs
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remedial attention. The null hypothesis

H,: The machine is operating properly

is the hypothesis to be tested. The alternative hypothesis. is
H,: The machine needs attention

H, will be tested on the basis of a random sample of 10 parts, from the
population of all parts being produced by the machine. The assumption is
made that each part has the same probability p of being defective, indepen-
dently of whether or not the other parts are defective. Therefore, in the
assumed model, the original hypotheses H, and H, are equivalent to

H,y: p=.05
H,;: p>.05

We feel that if too many parts are defective, we should reject Hy. So let the
test statistic T be the total number of defective items. Then, according to
Example 1.3.5, T has the binomial distribution with parameters p, and 10 for
n. From Table A3 we see that if Hj is true (p=.05), then

1 P(T=2)=.9885
equaling .9885 if p=.05, and therefore
2 P(T>2)=.0115

equaling .0115 if p =.05. We decide to reject H, if T exceeds 2. The set of
points in the sample space that correspond to values of T greater than 2 is
called the critical region. Because the probability of getting a point in the
critical region, when Hj is true, is quite small (less than .0115) the decision
rule is this: Reject H, if the observed outcome is in the critical region (when
T exceeds 2); otherwise, accept H,.

Suppose a random sample consisting of 10 machined parts is observed and
4 of the parts are found to be defective. Then T =4 and the null hypothesis
is rejected. We conclude that the machine needs attention.

The procedure used in Example 1 will now be carefully examined. The
hypothesis to be tested is called the null hypothesis and is denoted by H,. The
alternative hypothesis, denoted by Hj, is the negation of the null hypothesis and
usually consists of a statement equivalent to saying ‘“H, is not true.” As
mentioned earlier, the decision to reject H, is equivalent to the opinion ‘“Hj is
false,” and is equivalent to acceptance of H,, or the opinion “Hj is true.” The
decision to accept H, is not equivalent to the opinion “Hj is true” but, instead,
represents the opinion “H, has not been shown to be false,” which could be
the result of insufficient evidence. Therefore, if we wish to determine if a
statement concerning the population is false, we make it the null hypothesis. If
we wish to determine whether a statement is true, we make it the alternative
hypothesis. In Example 1 we wanted to determine whether the machine needs
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attention in the form of inspection and repair, so that statement became the
alternative hypothesis.

Then assumptions are made concerning the conditions under which the data
are collected and the type of data collected. These assumptions are tantamount
to forming a model, or idealized experiment. “Under the model” means
“under these assumptions.”

Under the model, the original hypotheses may be restated in an equivalent
form, usually using statistical terminology. These hypotheses may be classified
as either simple or composite.

Definition 1. The hypothesis is simple if the assumption that the hypothesis is
true leads to only one probability function defined on the sample space.

Definition 2. The hypothesis is composite if the assumption that the hypothesis
is true leads to two or more probability functions defined on the sample
space.

In the example, the model induces the probability p*(1—p)'®™* on each
sample point with k defective items and 10—k nondefective items. This
represents a whole class of probability functions defined on the sample space,
depending on what value p has. (For each point, k is known.) Assume H, is
true. Still, p may be any value from 0 to .05, so there are several possible
probability functions, and H,, is a composite hypothesis. The same is true for
H,. The hypothesis “p = .05 would be a simple hypothesis because, assuming
p = .05 is true, the probability function assigns the probability (.05)*(.95)°"* to
a point representing k defective parts, and that probability function is well
defined (no unknown parameters) and the only one possible.

Definition 3. A test statistic is a statistic used to help make the decision in a
hypothesis test.

A desirable property of a test statistic is that it should assign real numbers to
the points in the sample space in such a way that the points are arranged in
some order corresponding to their ability to distinguish between a true H, and
a false H,. For example, the points that indicate most strongly that the
experimenter should reject H, might be given large values by the test statistic,
and the points that indicate that the experimenter should accept H, might be
given small values by the test statistic. Then the larger the value assumed by
the test statistic, the more the outcome of the experiment indicates that H,
should be rejected. In this way, all values of the test statistic greater than a
certain number might result in the decision to reject H,. Furthermore, this
enables the experimenter to determine objectively how much smaller or larger
the rejection region might have been and still result in the same decision. Such
a test, where the rejection region corresponds to the largest values of the test
statistic, is called a one-tailed test. Similarly, if the ordering is reversed so that
the rejection region corresponds to the smallest values of the test statistic, the
test is still called a one-tailed test. The test in the example was one tailed. If
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the test statistic is selected so that the largest values of the test statistic and the
smallest values of the test statistic, combined, correspond to the rejection
region, the test is called a two-tailed test, since the rejection region corresponds
to both “tails” of the test statistic’s possible values.

Definition 4. The critical region is the set of all points in the sample space that
result in the decision to reject the null hypothesis.

Sometimes the critical region is called the rejection region, and the set of all
points in the sample space not in the critical region is called the acceptance
region, for obvious reasons.

There are two ways of making an incorrect decision in hypothesis testing. If
the null hypothesis is true we might make the mistake of rejecting it, thus
committing an error known as an error of the first kind, or a type I error. That is,
a type I error occurs when H,, is true and yet the outcome of our experiment is
in the critical region.

Definition 5. A type I error is the error of rejecting a true null hypothesis.

The second way of committing an error in hypothesis testing is by accepting
the null hypothesis when the null hypothesis is false. This error is known as an
error of the second kind, or a type II error.

Definition 6. A type II error is the error of accepting a false null hypothesis.

These two error types have associated with them certain probabilities of the
errors being made. Consider first the probability of making a type I error.

Definition 7. The level of significance, or «, is the maximum probability of
rejecting a true null hypothesis.

The level of significance may be found by first assuming H,, is true and then
ascertaining the probability of getting a point in the critical region. If H, is a
simple hypothesis, the assumption that H, is true leads to only one probability
function defined on the sample space, and @ may be found by adding the
probabilities of all points in the critical region. Usually, however, it is easier to
find @ by computing the probability that the test statistic will assume one of the
values that results in rejection of H,, under the assumption that H, is true.

If H, is a composite hypothesis, a is the maximum probability of rejecting
H,, where the maximum is obtained by considering all of the probability
distributions possible when H,, is true. In the example H, was composite, and
the probability of rejecting a true null hypothesis was

P(reject a true Hy) = P(T>2| Hy is true)

710\ . ,
(3 =y (i )p‘(l—p)m"; p=.05

i=3

which differs for each value of p. However the probability in Equation 3 is a
maximum when p is a maximum. The maximum value of p, under H,, is .05, so
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the level of significance is given by

a = maximum P(T>2 | H, is true)
P(T>2|p=.05)
4) 0115

from Table A3 or from Equation 2.

The level of significance is sometimes called the size of the critical region, for
obvious reasons. If H, is true the maximum probability of rejecting H, is «
and, therefore, the minimum probability of accepting H,, making the correct
decision, is 1—a.

The probability of committing an error of the second kind is denoted by B.
Obviously it is desirable in hypothesis testing for « and 8 to be close to zero.
In practice the sample size helps determine how small « and B may become.
Only when the sample includes all of the information contained in the
population may the possibility of error be completely eliminated.

If H, is false the decision may be to accept H,, with a probability B, or to
reject H,, with a probability 1— . This latter probability represents the power
of the test to detect a false null hypothesis.

Definition 8. The power, denoted by 1— B, is the probability of rejecting a false
null hypothesis.

Unlike «, the power is not always a unique number. If H, is simple the
assumption that H, is true (equivalent to *“‘H,, is false”’) leads to one probability
function and hence one probability of rejecting H,, or getting a point in the
critical region. Thus, when H, is simple, 1—8 is unique. If H, is composite
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